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Abstract

We consider the problem of optimally placing web servers in the Internet so that the total cost is
minimized subject to satisfying QoS constraints. The problem is stated and solved using a heuristic
in our paper “Performance Analysis and Optimization of Web Proxy Servers and Mirror Sites”,
which is submitted for publication to European Journal of Operational Research. In this article, a
simple 2 x 3 grid is considered and an Integer Programming formulation is provided.



Consider the simple 2 x 3 case with A = 2 and B = 3. The mathematical program is written
in terms of the decision variables X;; and other dummy variables Y;; z; and Vj; z;, where Y is the
demand in node (i, j) satisfied by server in (k,1), and Vjjz is 1 if Yj; 1 > 0 and 0 otherwise.

A B
Minimize » Y Cy; X

i—1j—1

Subject to:
Yiiin = NnXn
Yiige = Ni(l—Xn)(1 —Xo1) X2 4+ [N11/2](1 — X11) X 12X
Yiigs = Ni(l = X)) (1 = Xi2)(1 — Xo1) (1 = Xo2) Xaz + [N11/2](1 — X11) (1 = X12)(1 — X91) X920 X3
Yinor = Ni(l—Xn)(1—Xi2)Xo1 + [N11/2](1 — X11) X1 X2
Yitge = Nip(l—Xn)(1—Xi2)(1 — Xo1)(1 — Xi3)Xo2 + [N11/2](1 — X11)(1 — X12) (1 — X21) X13 X022
Yies = Ni(1—Xq1)(1 = Xi2)(1 — Xo1)(1 — Xi3)(1 — X92)Xo3
Yigor = Nia(1 = Xi2)(1 = Xi3)(1 — Xo0) X1 + [Ni12/2](1 — X12) X1 (1 — X13) Xoo

+[Ni2/2](1 — X12) X11(1 — Xo2) X13 + [N12/3](1 — X12) X11 X202 X 13
Yign2 = NipXpo

Yigus = Nia(1— Xi2)(1 — Xq1)(1 — X90) X3 + [N12/2](1 — X12) X13(1 — X11) X2
+[Ni2/2](1 = X12) X13(1 — Xo2) X11 + [Ni12/3](1 — X12) X11 X2 X13
Yioo1 = Nia(l —X11)(1 — Xi2)(1 — Xi3)(1 — Xo2)(1 — Xo3)Xo1
+[Ni2/21(1 = X11)(1 = X12)(1 — Xu3) (1 — Xo2) X021 X3
Yiops = Nia(l — Xi2)(1 — X11)(1 — Xi3)Xo2 + [Ni2/2](1 — X12) Xo2(1 — X11) X143
+[Ni2/2](1 = X12) Xo2(1 — X13) X11 + [Ni2/3](1 — X12) X11 X2 X13
Yizo3 = Nia(l = X11)(1 = X12)(1 — X13)(1 — Xa2)(1 — Xo1) Xo3
+[Ni2/21(1 — X11) (1 — X12)(1 — Xu3) (1 — X22) X201 X3

Yisgr = Niz(1—Xi3)(1 — Xi2)(1 — Xo3) (1 — Xo2) X141 + [Ni3/2](1 — Xi3)(1 — X12)(1 — Xa3) X200 X11
Yizie = Niz(1— Xi3)(1 — Xo3) X2 + [Ni3/2](1 — X13) X12X03

Y13 = NizXi3

Yisor = Niz(l— Xi3)(1 — Xi2)(1 — Xo3)(1 — X11)(1 — Xo2) X0y

Yizoe = Niz(l —Xi3)(1 = X12)(1 — Xo3) (1 — X11)Xo2 + [N13/2](1 — Xi3) (1 — X12)(1 — Xo3) X11 X9
Yisps = Niz(l— Xi3)(1 — Xi2)Xo3 + [Ni13/2](1 — X13) X23 X2

Yori1 = Noi(1— Xo1)(1 — Xo2) X1 + [No1/2](1 — Xo1) X11 X2

Yori2 = Noi(1 — Xop)(1 — X)) (1 — X11)(1 — Xo3) X2 + [Noy /2](1 — Xo1) (1 — Xoo) (1 — X11) X3 X2
Yor,i3 = Nop(1— Xop)(1 — Xp2)(1 — X11)(1 — Xo3)(1 — Xi2) X3

Yo121 = NoyXop

Yoi20 = Noi(1 — Xo1)(1 — X11)Xo2 + [No1/2](1 — X21) X902 X711

Yoi03 = Noi(1 — Xo1)(1 — Xo2)(1 — X11)(1 — X12)Xoz + [Na1/2](1 — Xo1)(1 — X22)(1 — X11) X12X03



Yoo 11 = Nap(l — Xo1)(1 — Xo2)(1 — Xo3)(1 = X12)(1 — X13) X1y
+[Naz/2](1 — Xo1)(1 — Xa2)(1 — Xo3)(1 — X12) X11 X13
Yoo 12 = Nop(l — Xop)(1 — Xo1)(1 — Xo3) X2 + [Noo/2](1 — Xo2) Xi2(1 — Xo1) X3
+[Naz/2](1 — Xa2) X12(1 — Xo3) Xo1 + [Naz/3](1 — Xo2) X21 X12 X023
Yo213 = Naa(l — Xo1)(1 — Xo2)(1 — Xo3)(1 — X12)(1 — X11) X113
+[Na2/2](1 — Xo1)(1 — Xa2)(1 — Xo3)(1 — X12) X11 X13

Yo201 = Naa(l — Xa2)(1 — Xo3)(1 — X12)Xo1 + [Nog/2](1 — Xa2) Xo1(1 — Xo3) X2
+[Noz/2](1 — X22) X1 (1 — X12) Xo3 + [Noa/3](1 — Xo2) X21 X12 X023
Y2200 = NopXoo

Yo223 = Naa(l — Xa2)(1 — Xo1)(1 — X12)Xo3 + [Nog/2](1 — Xa2) Xoz(1 — Xo1) X112
+[Nag/2](1 — X22) Xo3(1 — X12)Xo1 + [Nag/3](1 — Xa2) X021 X192 X03

Yo311 = Nag(l — Xo3)(1 — Xo2)(1 — X13)(1 — Xo1)(1 — X12) X1y
Yo312 = Naz(1 — Xo3)(1 — X22)(1 — Xy3) (1 — Xo1)X12 + [Naz/2](1 — Xo3)(1 — X22)(1 — X13) X901 X120
Yo313 = Noz(1 — Xo3)(1 — Xo92) X3 + [Nog/2](1 — Xo3) X13 X2
Yo301 = Naz(l— Xo3)(1 — X22)(1 — X13)(1 — X12) X1 + [Naz/2](1 — Xo3) (1 — X22)(1 — X13) X12X91
Yo300 = Noz(1 — Xo3)(1 — X13) X0z + [No3/2](1 — Xo3) X902 X13

Y303 = NozXo3

Vi, +Yi2,01+Yi3,01+ Yo, 014+ Yoo, 11+ Y2311 < 9011 (4) +[911 (3) =911 (4)] (1 —Vaz,11) + 111 (2) =911 (3)](1—
Voz 1) (L= Vog11) (1 = Viz 1) +11 (1) — 911 (2)](1 = Vaz,11) (1 = Vag 11 ) (1 = Vizi1) (1 = Vig,i1) (1 = Var 11)

Yii,2 + Yiga2 + Yizie + Yor,12 + Yoo 10 + Yo3.12 < 412(3) + [912(2) — 912(3)](1 — Vazi2) (1 — Vai,12)
+Hh12(1) — 112(2)](1 — Vaz12) (1 — Vag,12)(1 — Var,12) (1 — Vi i2) (1 — Viii2)

Yi1,13+Y12,13+Y13,13+Y21,13+ Y22,13+ Y2313 < th13(4)+[th13(3) =913 (4)](1—Va1,13) +[h13(2) =913 (3)] (1 -
Vor,13) (1 = Vag,13) (1 = Vit ,13) +[913(1) — 913(2)](1 = Var,13) (1 = Vag13) (1 = Vir,13) (1 = Vig,13) (1 — Va3 13)

Y1121+ Y1221 + Y1321+ Y21 21+ Y2221 + Y03 21 < P01 (4) +[121(3) =121 (4)](1=Viz,21) +[121(2) =921 (3)](1—
Viz,21)(1 = Vig21)(1 = Vaz 21) +[th21 (1) —h21(2)](1 — Viz21) (1 = Vigo1) (1 — Vaz 21 ) (1 — Vag01) (1 — Vi 21)

Yii,22 + Yig oo + Yizoo + Yo1,00 + Yon00 + Y3990 < 22(3) + [1022(2) — 122(3)](1 — Vizz2) (1 — Vii,22)
H1ha2(1) — 122(2)](1 — Viz22) (1 — Viga2)(1 — Vit 22) (1 — Va3 22) (1 — Vay 20)

Yi1,23+Y12,23+Y13 234+ Y21 234 Y22 234+ Y23 23 < 123(4) +[1h23(3) —1h23(4)] (1= Vi1,23) +[1h23(2) —1p23(3)](1—
Vit,23) (1 = Vig23) (1 = Voi 23) +[123(1) —123(2)](1 — Vi1,23) (1 = Vig23) (1 — Vai,23) (1 — Vaz,23) (1 — Vi3 23)
For all i € [1,A], j € [1,B], k € [1, A], | € [1, B], and a large positive number M,
Yiiw < MVijg
1—-M®1=Vijwm) < Yijw
X1+ X+ X3+ Xop + Xoo + X3 > 1

Foralli e [1,A],j€[1,B], k€ [1,A],l €1, B],

Xij = Oorl



Yijkt =  non negative integer
‘/ij,kl = Oor1l

The above formulation for a small grid (A = 2 and B = 3) as an integer program with integer and
binary variables and non-linear constraints results in a total of 78 (in general AB + 2A2B?) variables
and 125 constraints (not including the 78 integer/binary constraints). The non-linearity needs to be
removed using a standard linear transform for binary variables. For example, if Z = UW where U
and W are both 0 or 1, then the nonlinear condition can be broken down into three linear constraints
Z<U,Z<Wand Z>U+W — 1. Similary, the above formulation can be converted to an integer
program with linear constraints. However that would increase the number of variables to 158 and the
number of constraints to 547 (not including the 158 integer/binary constraints).



