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In this paper we consider an infinite buffer fluid model whose input is driven by
independent semi-Markov process&hle output capacity of the buffer is a con-
stant We derive upper and lower bounds for the limiting distribution of the station-
ary buffer content procesg/e discuss examples and applications where the results
can be used to determine bounds on the loss probability in telecommunication net-

works

1. INTRODUCTION

In high-speed telecommunication networksainly asynchronous transfer mode
(ATM)), the optimal design and admission control problems frequently require com-
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puting a certain Quality of Servid®oS or Grade of Service that the network users
need in order to be assurdthis QoS is based on loss probabilitglay delay-jitteg

etc We mainly focus on the loss probability aspect where loss occurs whenever a
buffer overflows It becomes importanttherefore to study the buffer content
processes

The high speede.g., 155—-622 Mbitgseq of the ATM network implies that it
can transmit millions of cellg53-byte ATM packetsper secondThis makes fluid-
flow models useful in describing the flow of cell#/e analyze the packetized traffic
by approximating it by fluidsfollowing the large literature using fluid-flow models
for communication systemsee e.g., Anick, Mitra, and Sondh[1], Elwalid and
Mitra [10]). Chen and Ya$5,6], Ott and Shanthikumd25], Harrison[14], Chen
and Mandelbaunp4], among othersdemonstrate how to convert any discrete ar-
rival system into a fluid-flow system and apply the fluid-model resugr results
can therefore be applied to a wide variety of networkst just high-speed ATM
networks

The most popular method to analyze the buffer content process is by using the
effective bandwidth approximatiomhe effective-bandwidth methodologsl-
though simple to usds based on an exponential approximation to the tail of the
distribution of the buffer content in steady stakais approximation holds when the
buffer sizes are very large and the tail probabilities are srBaiVeral researchers
have attempted to redress these shortcomiRgsexampleElwalid et al [9] and
Elwalid and Mitra[11] modify the effective-bandwidth methodology and develop
the Chernoff Dominant Eigenvald€DE) approximation for single-class traffito
avoid approximationsother approaches have been develofgéey include deriv-
ing upper and lower bounds for the tail of buffer content process in steady state with
a Markov additive input by discretizing time and using extensions of Kingman’s
exponential bounds for waiting times in the stationary regimeGyi@/1 queugsee
Kingman[16], Ross[28], Artiges and Naiff2], and Liy Nain, and Towsle){21]).
Artiges and Nairf2] obtain exponential bounds for multiplexing multiclass Marko-
vian on-off sourceswhere the upper bounds are similar to those in Palmowski and
Rolski[26].

Liu et al. [21] obtain exponential bounds for a large class of single resource
systems fed by multiplexing Markov Arrival Processes in discrete.timthis paper
using the exponential change of measure generalize the results of Liu et td the
continuous time case and a more general input pro@dsgously the parameters in
the exponents of the lower and upper bounds obtained in both papers using a Markov
additive input model are the saniéhe technique of exponential change of measure
are presented in Palmowski and Rolg&6], who develop bounds for the distribu-
tion of the buffer-content process whose input traffic is modulated by a continuous
time Markov chain(CTMC). In this paper we generalize their results to the semi-
Markov modulated traffic

The paper is organized as follows Section 2 we describe the model of a single
buffer with traffic from K independent sources modulated by semi-Markov pro-
cessedn Section 3 we explain the notations used for semi-Markov processes for the



FLUID MODELS DRIVEN BY SEMI-MARKOV INPUTS 431

case where there is only a single soufke= 1). In Section 4 we derive bounds for
the buffer content distribution for the single souf¢ée= 1) case In Section 5 we
generalize the results in Section 4d@ourcesln Section 6 we demonstrate how to
compute the boundand in Section 7 we illustrate the results using several examples
2. SINGLE BUFFER FLUID MODEL

Consider a single buffer that admits single-class traffic flbmdependent sources
and thekth source driven by a random environment procéa¥(t),t = 0},
k=12,...,K (Fig. 1). Note thatZ*(t) can be thought of as the state of tkié
input source at timeé. When sourcek is in stateZX(t), it generates fluid at rate
rs into the buffer Let X(t) be the amount of fluid in the buffer at tinte The
buffer has infinite capacity and is serviced by a channel of constant capacity
The dynamics of the buffer-content procg3<t),t = 0} are described by

K
. — ¢ if X(t) >0
dX(t) _ 2w

K N 1)
at {2 M S — c} if X(t) =0,
k=1

where{x}* = max(x,0). The solution is given byKulkarni and Rolsk{20])

X(t) = oiLJB(Y(t)’ f t<k21 M) — c> ds>,

where

Y(t) = X(0) +fo <k2 M ¥ — C) ds

It has been shown if20] that the buffer-content procegX(t),t = 0} is
stable if

K
2 E{rgk(oo)} < C’ (2)
k=1

z'(
Z2() X(1)
Zﬁ(t)g/ -

Ficure 1. Single buffer fluid model

C
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in which caseX(t) — X in distribution with

u=0 Jy

0 K
X = sup (2 M e — c> ds (3)
k=1
One of the main aims of this paper is to analyze the limiting behavior of the

buffer-content procegx(t), t = 0}, namely
P{X>x} = tIim P{X(t) > x}. 4)

We obtain upper and lower bounds for this limiting distributP®fX > x}. We first
consider a single sour¢& = 1) and then extend the analysis to multiple sources
3. SINGLE SOURCE MODEL: NOTATION

Consider the fluid model in Section @ee Fig 1) with a single sourcéK = 1)
modulated by a semi-Markov procg&MP) {Z(t), t = 0} on state spac§,2,...,{}.
Fluid is generated at rate at timet when the SMP is in staté(t) = i. We first
introduce the relevant notation for the SNIA(t), t = 0}.

Let S, denote the time of thieth jump epoch in the SMP wit& = 0. DefineZ,
as the state of the SMP immediately after tiie jump; that is

Z,=Z(S41).
Let
Gj(x) =P{S=x2Z,=j|Z,=1} (5)
The kernel of the SMP is
G(x) = [Gj(X)]ij=....c-

Note that{Z,,n = 0} is a discrete time Markov cha{iDTMC) with transition prob-
ability matrix

P = G(c0).

We assume that this DTMC is irreducible and recurrépt
€
Gi(x) =P{S =x|Zo=i)= 2, G;j (x)
=1

and the expected time the SMP spends in state

m = E(SZo=1).
Let
7, = lim P{Z,=i}
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be the stationary distribution of the DTM{Z,,,n = 0}. It is given by the unique
nonnegative solution to

7 =P and Eﬂ'i=l. (6)
The stationary distribution of the SMP is given by

i Ti

p = lim P{Z() =i} = ——. (7)

Since

4
E{rzen) = 2 Pmlms
m=1

for stability we assume thasee Eq(2))

€
> Pmfm<C. (8)
m=1
We also assume that
c< max r; 9

1=m=¢

otherwise the buffer will always be empty in steady state
LetL(t) be the remaining sojourn time of the SMP in the current state atttime
It is known that(see Kulkarni{17])

lim P{Z(t) = mL(t) > x} = pmfw 1-Gu(® o

X Tm

{L(t),t = 0} is called the supplementary age proces&zit),t = 0}.

4. SINGLE SOURCE MODEL: RESULTS

The following theorem gives the bounds on the limiting distributioiX o). First,
we need the following definitiond et

¢;(8) = E(e2"79%,Z, =j|Z, =), (10)
and
D(8) = [y (0)]ijer... e (11)

Note thatd (5) is a matrix with nonnegative elementet e(®(8)) be the Perron—
Frobenius eigenvalue @ (8). Let 5 be the smallest real-positive value satisfying

e(®(n) =1 12)
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Leth=[hy,h,,...,h.] be the corresponding left eigenvectirat is

h = had(n). (13)
Define
€ h €
H= ;1 w(h =0 <121(¢u (m) — 1>, (14)
h, e—n(ri—0>XJ-oo en(ri—CJdeij (y)
Vinaxli,]) = SUP — (15)
' 2 ["ae,
and

h, efnmfc)xf en=OY4G; (y)

Win(i,j) = inf - . (16)
2 ["a,»

THEOREM 1: Suppose inequalitie€8) and (9) hold and there exists solution of
Eqg. (12 (which is uniqug¢and

Poin(i,j) >0 and ¥,,(,j) <o foralli,je{1,...,¢}. a7)
Then Xt) — X in distribution and
C.e™=P{X>x}=C*c ™ forallx=0, (18)
wheren is from Eq (12) and

C* = A
Coomin {W(i )}

i:r;>c,j:p; >0

c - H
T max Wi i)}

i:r;>c,j:p; >0

We now describe the main steps in the proof of this theorem b&awh step is
discussed in detail in the following subsections

Step 1. The reversed SMP. From Eq (3) we have

0
P{X>x} = P{supf (rz —C)ds> x}
u=0 Jy

t
= P{supf (rzi—sy —C)ds> x}.
t=0 Jo
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Now define
Y(s) = Z(—s).

Then{Y(s),—oo < s < oo} is the time-reversed version ¢Z(s),—c0 < s < oo},
therefore

t
P{X>x}= P{supf (rysy — C) ds> x}.
t=0 Jo

Thus we need to study the reversed procg¥st), —co < t < oo}. In general
{Y(t),—o0 < t < oo} is not an SMPA necessary and sufficient condition for it to
be an SMP is given in Section¥4

Step 2. Markov process and its generator. Even if{Y(t),—c0 <t < oo} is
an SMPR it is not a Markov process in generdence we construct a canonical
Markov procesgw(t), t = 0} defined byw(t) = (Y(t), S(t)), whereS(t) is the sup-
plementary age process{if(t), —oco <t < oo} (as defined in Section)3LetQ be its
generatarWe shall show in Section.2 that

0 N
QU = | ax A TA0D 1=,
pi(X)a; D .

Hence the process defined by

ow(t) - [ wsas

MO = S wop ©

is a martingaléEthier and KurtZ12]), for any functiorv(-,-) € D(Q) (the domain
of the generato®) with strictly positive infimum

Step 3. Choice of v(-,-). We next showsee Section.8) that it is possible to
choose a(-,-) € D(Q) such that

_ v(w(t)) 7L‘%(W(s))ds_ v(w(t)) gJ:(rY(S)fc) ds
M = o) © = o) © :

for some positive real numbét Note that{M(t), t = 0} is a mean one martingale
with respect to the natural filtration ¢¥v(t), t = 0} processthat is E[M(t)} =1 for
all t.

Step 4. Martingale M(t). Let

T7(X) = inf{t >0: ft(rY(s) —c)ds> x}. (29)
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From the above definitiarwe have

t
{supJ (rys) —C)ds> x} = {7(X) < o0}.
t=0 Jo
Hence
t
P{supf (rysy —C)ds> x} = P{7(X) < oo}.

t=0 Jo

Now define a modified measufon % = o{w(u): 0 = u =t} (see Section 4) by

dp,

dR_M()

Then
P{7(X) < oo} = J dP
T(X)<w

=f() [M(7(x))] *dP.

From Lemma 4

|5(T(X) <o0)=1 (20)
Therefore
) oWy
Pir(0 <o} = LM e
[ ew(O)
e gE{v<w<T< A } D)
= e f*Ef Eun| sl by @2)

whereE is the expectation with respectBand we use Eq20) to justify equality
between21) and(22).

Step 5. The bounds. Clearly at timer(x), w(7(x)) can only be in a state
(i,s) such thatr; > c. Hence the lower bound orE(j,y){[l/u(w(r(x)))]} is
1/{max. -.supw(i,x)} and the upper bound orE(j,y){[l/v(w(T(x)))]} is
1/{min;, ~cinf,v(i,x)}. These yield the bound&ee Section & for the expres-
siong on P{X > x} in terms of the parameters of the reversed prod€ss

Step 6. Original process. \We convert the bounds dA{X > x} in terms of
that of the{Z(t), —co < t < oo} processThis is done in Section.8.
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4.1. Time-Reversed Semi-Markov Processes

As mentioned in Step 1 in Section we shall use reversed SMPs in the proof of
Theorem 1Hence we collect the relevant results about reversed SMPs here

DEeFINITION: An SMP with kernel @) is called anonanticipative SMRF

[Gij (x)] =[Gi(x) Pij 1.

We call such an SMP “nonanticipative” because the sojourn time in the current state
does not depend upon the following stateother wordsgiven the current statéhe
sojourn time and the next state are independent of each @Gihenoperty that is
exhibited by CTMC& In case of a general SMihe sojourn time depends on both
the current state and the following state

We first restate a theorem proved in CHa.

THEOREM 2: Let{Z(t),—oo <t < oo} be a semiMarkov process with kernel ) =

[Gj (x)]. Then the timgeversed procespY(t) = Z(—t),—oco <t < oo} is an SMP if
and only if{Z(t), —co <t < oo} is a nonanticipatie SMPIf {Z(t), —co <t < oo} is

a nonanticipatve SMRthen the reersed SMP is also a nonanticipagi SMP with
kernel

F(x) = [F; (3] = [Fi(x)a; ], (23)

where
F(x) = Gi(x), (24)
A=la]= |:pji %], (25)

and is given by Eq(6).

Note that the stationary distribution of the reversed SMP is the same as that of the
original SMP

We will use the following notationd_et S, denote the time of theth jump
epoch in the SMRY(t),t = 0}, with § = 0. Define Y, as the state of the SMP
immediately after theth jump, that is

Y, = Y(S+).
Define
x(8) =[x (] =[E(e>" 9% Y, =j[Yo=1i)]. (26)

Note thaty (8) is a matrix with nonnegative elementset e( y (6)) be the Perron—
Frobenius eigenvalue ¢f(8). Let ¢ be the smallest real positive value satisfying

e(x({) =1L (27)
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Let

L(x) = [T ()] = [E(e¢79S790Y, = j[Yo = 1,5, > X)]. (28)

4.2. Reversed Markov Process and Its Generator

In this section we explain in detail the results shown in Step 2 of Sectidkied
assume thaiZ(t), t = 0} is a nonanticipative SMRBVe consider its reversédonan-
ticipative) semi-Markov proces§Y(t),t = 0} with kernel F(x), together with its
supplementary age procesXt)}. The process$w(t),t = 0} defined by

w(t) = (Y(t),S(t)) (29)

is Markovian moreoveyit is a piecewise-deterministic Markov proceascording
to the terminology of Davi§7,8].
The generator

Q=1[djlij=1..¢ (30)

and its domairD(Q) are defined as followsWVe use column vector functioh=
(fy,..., T)T, wheref: R, — Rare measurable functiopand adopt a notation that
f(i,x) = f;(x) (we use them interchangeahlZonsider the Markov procesgt) on
the probability spac&, 7, P y)), whereP;; ,, is the underlying probability measure
for which Y(0) =i, S(0) = y. For measurable functiorisf *: R, — R’ we denote

Mg ¢+ (W(t)) = fy (S(1)) — fi(y) —fo f*(Y(s),S(s))ds  t=0.

We look for all measurable vector functiofis * such thafM; ;-(w(t)),t = 0} is

a P,y martingale for all(i,y). We denote this family of asD(Q), and we call
the mappingQ: f — f* as the(full) generatarThe results of Theorem 254 from

Davis[8] are adapted to the processt) as follows The family D(Q) consists of
all measurable functiorfgx) = ( f1(x),..., f¢(x)), such thaf;(x) is absolutely con-
tinuous on[0,s), andE|f(i,T;)| < oo, wheres = inf{t:F(t) = 1} andT, is a

random variable with distribution functioR;(x). Also, C,(R.) is the set of all
continuous and bounded functiofisR, — R. Then the family of functions
f(x) = (fi(x),..., f(x) € C{(R,), which are absolutely continuous ¢@,s) are

included inD(Q). As conditionE| f(i,T;)| < oo is computationally very difficult
to check we only consider the family of function{(R..).

Define the hazard rate function

wheref;(x) = dF, (x)/dx, andF;(x) =1 — F(X).



FLUID MODELS DRIVEN BY SEMI-MARKOV INPUTS 439

Following Davis|[ 7,8], the full generator ofw(t)} is as stated in the following
lemma

LemMma 1: The full generator of the procesgtyis (Qf) (i, x) = (Q(x) f (x));, where

d
O], = {ax P TAaD i=]
ij

pi(x)a; D i #],

(31)

wherejj=1...,¢£ and(Dd)(x) = d(0) for a function de C,(R, ). Moreaer, D(Q)
is its domain

4.3. The v Function

We now continue with Step 3 of Section 4 and show how to chagse =
(v1(X),...,v¢(X)) € D(Q). Following the idea from Palmowski and Roldid7],
we look for the smallesB < 0 fulfilling

Q(x)v(x) = BAv(x), (32)
whereA = diag([r; — c])
v € CLRY) (33)
and
inf v (x) > 0. (34)

Theith row of Eq (32) is the first order nonhomogeneous differential equation
9 €
& vi(X) + Pi(X)< 2 a;v;(0) — Ui(X)> = B(r; — ¢)vi(x), (35)
=1
whose general solution is
X €
() = (ﬁ(x))lefﬂﬂ@{w 0 - j e P19%,(2) dz 3, ayu,(0) .
0 j=1
A necessary condition fd34) is
oo €
Ui (O) _f eiﬁ(riic)zfi (Z) dZE aij l)j (0) =0
0 j=1

foralli=1,...,¢. This is equivalent ta1 = y (—8)u whereu = (v,(0),...,0,(0)7
anduy;(0) > 0.
LEMMA 2: The smallest possibjg < 0 fulfilling

Q(x)v(x) = BAv(x)
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is —{. Then
v(x) = T(X)u, (36)
wherey ({)u = u.

Proor: We look for the smallesé and vectou > 0 such thajy (—8)u = u. If there
exist—Bo > ¢ andu > 0 fulfilling the above inequalitythen multiplying it by the
left Perron—Frobenius vector ; > 0, we would have( y (—8o))v_s U=v_g USO
e(x(—Bo)) = 1. But this is a contradiction as(x(«)) is a convex function and
e(x(£))=1.Thus —B = and(v4(0),...,v¢(0)) = (U4,...,uU,), wherey({)u=u.In
that case

vi(x) = (Fi(x) te ¢ E a;j Uj fw e "% (2) dz (37)
=1 X
€
= 2 I (X)uy; (38)
j=1
thatis v(x) = I'(x)u. [ |

4.4. The Martingale M (t)

As mentioned in Step 4 of Sectionwe develop the mean one martingdét) as
follows. By Proposition 3 in Ethier and KurtZ12], we have that

v(W(t)) fQU w(tnds _ v(w(t)) ;f (Fye—0) ds
0% © v(i, x)

is a martingale oiQ, F,{#}, Pii.x), where we may suppose that= D[0,c0), F; iS
the history ofw(t) up to timet, andFis the smallest field generated by all subsets
from F.

Following Palmowski and RolsKi27], we define a new probability measure
Pi.x on (Q, F{F}) by

M(t) =

dIS(i,x),t

= M(t)
dPi .1

on which a canonical Markov proce8s(t)} is Markovian with full generator

~ Qg Q _Q(vg
Qg= —9—=
v v

v

+ J0A.

Thus theith component is

~ d ¢ ¢
[Qal (i, x) = == 6i(x) + %2 g 9,(0) g |[. (39

%
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LemMMA 3: On the new probability spaceQ, F,{F}, I5(i,x)), the procesqY(t),
—oo < t < oo} is again a semMarkav process specified b &; 1,[ 5i(X)],[ri]),
where

au Xij(g)uj

2 Qi Uy I
k=1
¢ ¢
pi(X) Z:l a;; U fi(x)ef (o Z:l a;; U;
o A = R : (41)
v (X) 2 f eg(ri—c)zaij f.(z)u; dz
j=1 Jx
¢
fi (X) eg(r,—c)x E aij U]
f(x) = — (42)
and
7= —i)((r(?ljc)) (43)

Proor: The first parts of Eq940) and(41) are simple consequences of the defini-
tion of generato and the function;(x). Moreover the second part of Eq40)
follows from

aijJ et (=9 (x) dx y
0

¢ G o
> agle X ay f ¢ (9% (x) dx U,
k=1 i—1 0
B Xij(é’)uj
G
kZlX(f)ikUk
_ Xij(f)uj

Ui
From Eq (41), we get

€
fi(x)ef i a;u;
j=1

fi(x) =

i : (44)
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whered; is a normalizing constanHence

o € €
di = f fi(Z)eg(riic)Z 2 ai]- Uj dZ: 2 X(J)H Uj =U; (45)
0 j=1 j=1

and we obtain Eq(42). Using Eq (42), Eq. (43) is fulfilled by

(1 - 0% = (1, c)fjxf?(x) dx

€
> xi(Dug
k=1
Ui
_ @uy,
u
This completes the proof of this lemma u

Let #P = # be the stationary distribution of the Markov chdly} under the
new probability measurén matrix notation Eq. (40) reads as

P =[4&;]=diag(u™) x () diag(u). (46)
Therefore from Eq (46)

7 = 7 diagu™t) x ({)diag(u);
hence

7 = v diag(u), (47)
wherev is the left(row) eigenvector of ({) corresponding to eigenvalue 1 such that
vu=1;thatis

v=vx ().
The driftd = EY(t) — cis
Lo
d= 21 7 —-cC.
> 7

=1

:\z

Hence d > 0 if and only if

¢
E 7 (r; —c¢) >0,
i-1
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which is by Egs (43) and(47), equivalent to
vy (HHu>0. (48)
Consider the eigenvalue problem

x(a)h, = k(a)h,
vox(a) = k(a)v,
v h,=1

a=0.

(49)

Function(«) is convex(by Kingman—Miller theoremsee Miller[22] and the
beautiful proof of this theorem by Kingmd5]).

LEmMA 4: d > 0.
Proor: Differentiating the first line in Eq(49) we obtain
x'(a@)h, + x(a)h, = k' (a)h, + k(a)h.
Multiplying both the sides from the right by, and rearranging we arrive at
vox'(@)h, = k'(a) + (k(a@) = v, h.. (50)
Sincey (0) = P, we have
h, = Pe=g, vo=mP =1, k(0) =1, (51)

wheree = [1,...,1]7 is the (column vector of onesThe stability conditiond =
>i piry —c < 0andEq(50) yield

k'(0) = mx'(0)e

9
2 8_ ij(a(ri = C))a=o

Il
HM@

M'\

7i(r; —c) <O0.

Becausec(0) = 1, k'(0) < 0, andx(«) is a convex functionthere isk’({) > 0 for
k(£) = 1. Substitutingx = £ in Eq, (50) and bearing in mind inequality8), d > 0
is equivalent to

vx'(Hu=«'({)>0.

The proof is completed u
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4.5. The Bounds for the Reversed SMP

Continuing with the analysis in Step 5 of Sectigrcdnsider a reversed nonantici-
pative SMR{Y(t),00 < t < oo} with kernelF(x) = [F;(x)] = [Fi(x)a; ]. Define

Tm(X) = an im(x),

m

wherea,, is the stationary probability of the reversed SIMPt), —co < t < oo}. Let

b = &m 52
m_ng(rm_C)' ( )
THEOREM 3: If conditions(33) and (34) are fulfilled, then the steadgtate distri
bution of the buffelcontent process is bounded as
C.e “=P{X>x}=C*e (53)
where

b(l —A)u
min inf v,(X)

mr,,>c x=0

C* =

b(l —A)u
max supvm(x)”

mMr,>C x=0

C.=

Proor: Let7(x) be as in Eq(19). Continuing from Eq(22), we have

Uj(y)

W (r () } i (¥) dy.

€ o
P{r(x) <o} =e 3 f E<j,y){
i=1Y0
which can be bounded above by

1 € oo
) f v, (y)m;(y) dy. (54)

min inf v,(X)

mr >c x=0

However

€ o € aj o) _
Ef vj(y)vrj(y)dy=2—f v (Y)F(y) dy
i=1 Jo =17 Jo

€ o £ o
E f > aj ka et (im0, (z) dze €~V dy,
=1 0 k=1 y

*]|.



FLUID MODELS DRIVEN BY SEMI-MARKOV INPUTS 445
and integrating by parts

; 2 a Ul F(=¢(r;—c) —1]

U—)

¢ ¢ ¢
2 WU (=2 (r; =€) — 2 by > ajcux
k=1 i1

Il
HMA\

S

=2 i (x (O)u) — X (AU =b(I — A,
j=1

whereF () is a Laplace transfornThus by Eq (54), the proof of the upper bound

in Eq. (53) is completedIn a similar way we obtain the lower bounds in.E§3).
[ |

4.6. Bounds for Nonanticipative SMP

In the previous subsection we derived bounds for the buffer-content process in terms
of the parameters of the reversed prod&%s), —co < t < oo}, as illustrated in Theo-
rem 3 In this subsectiosfollowing Step 6 of Section,4ve convertthe boundsin Theo-
rem 3interms of the originahonanticipative SMP{Z(t), —co <t < co}. We assume
that{Z(t), —co <t < oo} is anf-state nonanticipative semi-Markov process with ker-
nel[G; (x)]=[Gi(x)p; ]. All other parameters of the SMFiz. 7, p;, 7j, ¢ (8),m, ;)
are as described in Sections 3 and 4

From Eqgs (25) and(24) in Theorem 2we have

|
& = Py s (55)
and
Fi () = Gi(x).

From the definition ofy;; (8) in Eq. (26) and Eq (10), we obtain
Xij(a) = 'fij (=6(ri —c))
aji F(=a(r;—c))

=G (=8(r,— C))p; ;, (56)

and
¢ij(5) = Gij (=é(ri—c))
=Gi(=8(ri — C))pj - (57)
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Lemma 5: For a given real positve numbers, the matricesy (6) and ®(5) have
identical eigenalues Therefore

e(®(5)) = e(x(9))
andn =¢.
Proor: Let G andA be diagonal matrices such that

G = diag{Gy(—8(ry — €)),G(=8(r2 = ©)),..., G (=8 (r, — ©))}

and
A = diag{m,,72,...,7¢}.
Clearly,
®(5) =gP
and

¥(8) = GAIP'A.

Let A be an eigenvalue ab(5). Thereforgif |D| denotes the determinant of the
square matrbD and if D’ denotes the transpose of a matbixwe have

IGP — Al| =0,
= |G|IP -G =0,
= |[Gl|P" = AG7H =0,
= [Gl|A7H[A[[ATP'A = AGTH =0,
= [GATP'A — Al| =0.

Thus A is also an eigenvalue gf(8). For a given real positive numbér the ma-
trices y (6) and®(8) have identical eigenvalueSpecifically the largest real pos-
itive eigenvalues oj (8) and®(§) are identicalAlso, the smallesb that satisfies
the largest real positive eigenvaluesxdié) and®(5) to be identical and equal to
one is uniqueTherefore

e(®(8)) = e(x(9))
andn =¢. u
Sincen = ¢, the eigenvectorh andu are given by

h®(n)=h and y(npu=u.

LemMA 6: The eigenector u thevectorv(x), and the matrix(x) are related to the
corresponding terms of the original nonanticipsiSMP{Z(t), —co < t < oo} as
given below
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Gj (—n(rj —¢))
U = f h;,
i

e"l(r|_c)dei (y)
X 7Tj

P i —»
i
| e omaaiy

T (x) =

and

[ee]

e"](fi *C)YdGi ( y) N

Ui(x): - ;
J e ="dG (y)

Proor: Sincey(n)u=u, from Eq (56) for all i, we get
€
u = EXij(n)uj
i=1

= Z Gi(—n(r - C))p; o u;.
j=1 i

Note that

j:wm
Tj

satisfies Eq(61) since

Gi(—n(ri—c) &
77—21 By, U,

2 Gi(—n(r - C))p; a U
j=1

AN ¢
_ w E Gj (—n(r]- - C))p,-i h;
j=1

i

Gi(_ (ri—o0)) ¢
- "—jgl b (mh,

Gi (_87(;i —0)) h

447

(58)

(59)

(60)

(61)
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using Eq (57) and the relatiom® () = h. From Eq (28),
f es’(rifC)deI (y)

I (x) = - 4
e mOdR (y)

X

oo

&7 VdG, (y)
i

ps Pi - (62)
e OdG(y)

e

Note that from Eq(36),

v(X) =T (X)u. (63)
Using Eq (62) and

¢
h = 2 Gj(_ﬂ(rj - C))pji h;,
=1
we have

f e7"mVdG (y)

vi(x) =

M-

_ h
Pi G (=n(r; — ¢)) -

j=1

[ eroraaiy)

J eﬂ(ri*C)YdGi (y) H

= - _‘ .
i
f e =G (y)
From the definition ob; in Eq. (52), it follows that
Pi
, = —————. 64
b 7, (ri — ¢) (64)

The following theorem describes the bounds of Theorem 3 in terms of the original
nonanticipative SMRZ(t), —oco <t < oo}.
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THEOREM 4: The steadystate distribution of the buffetontent process is bounded
as

C.e ™ =P(X>x)=C'e ™

where
‘ h; ~
Gi(—n(r—c) -1
.:1n(ri—0)( (—n( ) —1)
Cr = = (65)
f e’ VG (y)
.. him Jx
mininfy — —
ir;>c x pi
f en(ri C)XdG(y)
and
€
G r—c))—1
.:m(r. )( (—=n( ) —1)
C.= — (66)
f eﬂ(ri_C)YdG(y)
hiTi X
mg)c(sup — =
X pl f e"(r'_C)XdGi(y)
provided that
C.>0 and C* <oo. (67)

Proor: Using the time-reversed procep4t), —co < t < oo}, we get from Theo-
rem 3

co b(l —A)u 68
B min inf v, (x) (68)

c - b(l —Ayu 69
e maxsupy, (x)° (69)

Now we rewriteb, A, u, andv;(x) in Eqs (68) and(69) in terms of the parameters of
the{Z(t),—oo0 <t < oo} process using Eq$64), (55), (58), and(60). After some
algebrawe obtain Eqs(65) and(66). Let us note that condition@3) and(34) are
equivalent assumptions that

C.>0 and C* <oo. (70)

Hence the proof is complete ]
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4.7. General SMP Proof

Theorem 4 of the previous section holds only for the special case when the SMP
driving the input to a buffer can be modeled as a nonanticipative. S¥&e are
several applications where the nonanticipative SMP modeldfiaihis sectionwe
prove Theorem Iwhich is stated for a general SM&sing Theorem 4 for the nonan-
ticipative SMP We first state and prove a theorem that explains how to convert a
general SMP into a nonanticipative SMP

Let{Z(t), t= 0} be anf-state(not necessarily nonanticipativ6MP with kernel
[G;j (x)], transition probabilitie; = G (), and stationary probabilities; (from
7 = 7G(c0)). Also, S, andY, denote respectively thath transition epoch and the
state of the SMP immediately after thih transition that is Y, = Z(S,+). Let N(t)
be the number of transitions by the SMP until tim®efine

Z(t) = (Z(Syn 1), Z(Suwy+11))- (71)

Let S, be thenth transition epoch of thZ(t),t = 0} process and, be the state of
the{Z(t),t = 0O} process immediately after tm¢h transition that is

=Z(S).
Observe tha§, = S, and¥, = (Y, Yor1).

THEOREM 5: Thef?-state proces§Z(t),t = 0} is a nonanticipatie SMP with state
spacef(i,j):1=1i,j = ¢}, kernel

- P G (X)/Gjj(0) if j =k
G j.kn(X) = {Okl : l if | # k (72)

transition probabilities

Pijnwn = {gkl I;j ; :Z (73)
and stationary probabilities
Ti,j) = i Py (74)
Proor: Let
Gty (¥) = P{¥or1 = (K1), Sa = X1V = (1,)), S Vo1,
= P2 =LY = K Siis
=X Yai1 =Y =1,5, Y 1,...}
=P{,=LY;,=KkS =x|\1=],Yo=1i},
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since{Z(t),t = 0} is an SMPAIso, givenY,,Y, is conditionally independent ;.
Hence we can write
G(i,j),(k,l)(x) =P, =LY =K1 =}Y%o=i}P{S =x|Y;=],Yo=1i}
3 {pkl'P{Sls)('Yl:j,YO: it ifj=k
0-P{Si=x|Vy=j,Yo=i} ifj#k
o P{Si=xYi=j[Yo=i}
A A
- G
= Pa,ink G, (o)
= P,k Gai,jy (%),
which is of the form(like the nonanticipative SMP
[Gan(X)] = [Ga(X)Pan]-
Hence we get Eqs(72) and(73). It is easy to verify thatr; j, = m; p; satisfies

Hence we get Eq(74). [ |

Let{Z(t),t = 0} be a generalnot necessarily nonanticipativ8 MP. Construct
a nonanticipative SMPZ(t), t = 0} as described in E471). Now we use Theorem
4 for the¢?-state nonanticipative SMZ(t), t = 0}. Similar to the Eqs(11) and(5),
we now deﬂnei)(l)), I’(i,j), andG(i’j)(').

From the definition of the nonanticipative SMIE(t), t= 0} and Eqs(73), (72),
and(74), it is straightforward to show that

ri ifp; >0
Fip = 0 ifp, =0, (75)
= _ Gij (U(ri - C))
Gii,j) (v (5 =€) = G, ()
i (U
_ o ( ). 76
Pij
We have
b () = E(@ T 95:¥, = (kD[ = (i,]))
0 if K #
| Gan (o = )Py k=]
0 if K # |
=4 ¢;(©) (77)

!
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Lemma 7: The smallest real posité value of § that satisfies

e(®(d) =1
is n if and only if n is the smallest real posité value that satisfies
e(®(8)) = 1.

Proor: For a giverv, let A; be such that
wid(v) = 4w,

where ); is theith eigenvalue ofb(v) andw' is the corresponding eigenvector
ThereforeA, A,,..., A, are thel eigenvalues o (v) andw,w?...,w¢ the corre-
sponding eigenvector®Vithout loss of generality we can assume that

Re(A;) = Re(A,) = --- = Re(Ay),

where Réx) denotes the real part of the complex numbker

From the expression ab(v) in Eq. (77), it follows that there are at mogt
linearly independent rows for the matrix(v). Hence at least¢? — ¢ eigenvalues
are zeroLet Ay, As,..., A, be thef possibly nonzero eigenvalues @f(v) and
wiw?...,w’ the corresponding eigenvectolithout loss of generality we can
assume that

Re(1;) = Re(A,) = --- = Re(Ay).

From Perron—Frobenius theoregm, is real and positivehence RéX;) = 0. Note
that we can choose each eigenvedrsuch that

Wi = Py Wi

Then also for a given, A, = A, foralln€ 1,2,...,¢. In fact,

€ €
(W'D ()] = 2 2 Wi i) b (©)
j=1i=1

= > Wi Ptk (V)
i1
¢
—n di(v)
=2 i, k) = Pui
i=1 Pik
¢
di(v)
= 2 Pi W « Pw
i=1 Pik
= An P Wi
= AnWik 1
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Whenv = 7, the largest real-positive eigenvalue for bdtlin) and®(») are
equal to onghencethe proof u

In the next lemmawe derive the relationship between the left eigenvedbors
andh.

LeEmMA 8: Lethd(n) = h and hb(x) = h, then

h(| i~ h pu (78)
Proor: From the definition oh, we have

¢ ¢
h(Kl) EZh(lj)d’(lJ)(k,l)(n)

Sinceh, = 3{_; ¢ (nh;, verify that

h(l i~ h pu (79)
solvesh®(n) = [

Define7 ;) as the expected time the nonanticipative SMR), t = 0} spends
in state(i, ). Therefore

7o = E{Si|Zo = (i,})}

:fo 1- Gij(x)/Gij (00)) dx.

Letp, ) be the probability thatin steady-statethe nonanticipative SMEZ(t),t =
0} is state(i, ) and is given by

70,1 T, )
14 4 N
> D Twh Tkl
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Subsequentlyve need an expression f@g ;,p; /P, ). This is shown in the follow-

T Py i
<_,J>PJ _ T (80)
P, pi

T(i,j) Ti Py

ing lemma
LEMMA 9:
PRrROOF:
Tip)Pi
Pa. i

Pa,j) i
T, T, )

P, i) i

4
> T )
=1

~
Il
[uN

AL
M=

Wkpklf (1= Gy (X)/Gy(0)) dx

=
Il

AL
Mx
M’\

11=1

1 € 0
- Tk - K d
Z,l fo (1 - Gu(x)) dx

¢
2 T Tk
k=1

Next, we give the proof of Theorem. 1

Proor oF THEOREM 1: From Eq (65) for the nonanticipative SMFZ(t), t = 0}, we

P [ ertrnas )

have
£ (I D
22 = (G(IJ)( n(r(lj) ))_1)
_ 1= (rg, H
Cr= (81)
e"l(r(i,j)_c)ydé(i,j)(y)
. h(l DT Jx
- min inf
i,j:Fi,jH>c x



FLUID MODELS DRIVEN BY SEMI-MARKOV INPUTS 455

We substitute the expressions ), F(i.;)» Gg.j)(-), Ga.j(y), and. j,p; /i, from
Eqgs (79), (75), (76), (72), and(80), respectivelyinto Eqg (81) to get

€
I pl
>~ (Gy(=n(r —)/py — 1)
_ Z1=in(ri—c)
Cr= -
f en=OvdG; (y)
. ) hi Ti X
. min 0mf — —
i,jiri>c,p; >0 x i
j p f e-,,(rifc)xdqj (y)
€ €
D e rae ( s g (¢4 (m) - )
h, e (i~ 0>x n<r.—c)deij(y)
min inf
i,jiri>c,p; >0 x pl
f dG; (y)
= C*~
Note that assumptiofl7) yields(67). Using a similar analysis fdZ,, Theorem 1 is
proved ]

5. MULTIPLEXING OF INDEPENDENT SOURCES

In this section we consider the model in Sectiorg illustrated in Figure Jlthere
areK independent sourcesach modulated by an SMEX(t), t = 0} on state space
{1,2,...,£}. Fluid is generated from sourgeat rater at timet when its modulating
SMP is in staté. The kernel of the SMP modulating thth input source i§*(x) =
[GK(x)]. The expected time thith SMP spends in statds 7. The stationary dis-
tributions of thekth SMP{ZX(t), t = 0} and its underlying DTMC argespectively
pX andx X We assume for stability and nontriviality that

K k
> pkrk < c < suprk.
k=1m=1

k,m

Let A (t) be the total amount of fluid input from theh source to the buffer over time
(0,t], where

t
0
Then the effective bandwidth of theh sourceeb®(-), is given by

eb*(v) = tlLrTo]o u_lt log E{exp(vA.(1))}. (83)
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Szk(t) ck(n) =ebk(n)

Ficure 2. Single source modification

Let n be the smallest positive solution to

Zlebk(n) =c (84)

As a first step we analyze a single source model where sdwaces as the only
input source to an infinite-capacity buffer with output capacity
c“(n) = eb*(n) (85)

(see Fig 2). For this single source moddbllowing the analysis in Section, 4or
each sourc&, we computebX(n) andhk from Egs (10) and(13) as

Pl(n) = E(enr e st Zk = j|zKk =), (86)
h* = hk@*(n). (87)
Define
Pk(i,j) = P{Zzk=j|zE=i}. (88)
Continuing with the single source modele also define
O hk »
H =2 o) <J_Zl(¢uk(n)) - 1>, (89)

— k_ ~k k_ ~k
hike n(rf=c (n))Xf en(ri‘-—c <’7)>de'](()/)

X

Wrin(i, ) = inf , (90)

p_k %)
* fx dG(y)
and

_ k_ ~k k__~k
hike n(ri=c (n))Xf en(ri‘-c (n))deilj((y)
X

pik o)
; fx dGi'f(Y)

Wriax(i,j) = sup (91)

Using these quantitieshe bounds on the multiplexed traffic are given in the
following theorem
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THEOREM 6: If K, (i,j) > 0 and X, (i,j) < oo for alli,j € {1,...,4}, k €
{1,...,K}, then the bounds on the limiting distribution of the buféentent pre
cess{X(t),t = 0} driven by K independent SMP sources areegi by

C.e™M=P(X>x)=C*e ™

wheren is given by the solution to Eq84),

K
[TH*
k=1
C* = " ,
mf{n [T wisin(ic, i)
k=1
K
H
k=1
C.= )

K
mEXH W axlies i)
k=1
and

K
A: {(ilvjl)’(i25j2),'~~,(iK’jK):2rit>c and Dkv Pk(ik’jk)>0}'
k=1

(92)

Proor: We describe only a brief outline of the proof of the theorem by illustrating
the main steps of the proads most of the analysis is identical to the proof of Theo-
rem1l

Step 1. The nonanticipative SMPs. Foreactk €[12,...,K], we first con-
struct an¢? state nonanticipative SMEZX(t),t = 0} from the SMP{ZK(t),t = 0}
following the technique in Section?

Step 2. The reversed SMP. Next we construct the reversed SMP of
{ZX(t),t = 0} as

YX(s) = ZK(—s9).
Therefore

t=0

t K
P{X>x} = P{sup <2 r$k(s)—c> ds> x}.
0 \ k=1

Step 3. Markov process and its generator. \We construct a Markov process
{W(t),t = 0} defined by

W(t) = (Y1(t),S* (1), Y2(t), S2(t),..., YX(1),SK (1)),
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whereSK(t) is the supplementary age proces$Yf(t), —co <t < oo} (as defined in
Section 3. Let QX (1= k= K) be the full generator dfw (t)} = {(Y(t),SX(t))} as
in Eq. (29).

Step 4. Martingale M(t). Let n satisfy Eq (84) and for thisy let v*(i, x)
satisfy

vX(i,x) = [T*O)u*];,
where
LK(x) = E(en(ri e st vk — j|yk = j Sk > x)
(see Eq(28)) anduk is the right eigenvector satisfying
x“(mu = u
with x(n) = E(en =" st vk =j|Y< =) (see Eq(26)). Assume that
v ECy(R,) and info*(i,x) > 0. (93)

Then we havéQv*) (i, x) = —n(r— c)vX(i, x) and following Proposition 2
from Ethier and KurtZ12], we define exponential martingales by

v (w(t)) *nf‘ (YX(9)—cK(n)) ds
k(i € ° ’
v*(i,x)

Since sources are independeht process

MK(t) =

k=1,...,K

vHWAD) - 0 W) o[ vk crmas
oIt xt) - w (i x5)

p(W(D) [ S vk ek ds
———e Jok=1

M(t) = ﬁ MK(t) =
k=1

v (i, X)
_ U(W(t)) e_nJ:<k§1Yk(S)_C> ds
v (i, x)

is a martingale wherev(i,x) = v(i4x%...,i%5x5) = I 045 x*) andi =
(i%...,i%, ke {1,...,6) andx = (x4...,x5) € RX.
Then we also construct a new probability sp&eer,{%}, P) by
P (94)
dp, :

Step 5. First passage time 7(x). Let

7(X) = inf {t >0: ft< % MYk — c) ds> x}. (95)
0 \ k=1
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From the above definitiarwe have

{sup t( % MYk — c> ds> x} ={7(x) < oo}.

t=0 Jo \ k=1

Hence

t=0 Jo \ k=1

P{sup t( > ke — c) ds> x} = P{7(X) < oo}.

Then by Eq (94),

P{7(X) < oo} = dP

7(X)<oo
= f() [M(7(x))]*dP.

Lemma 4 yields thaEr«,, > c(n). Hence P(7(x) < c0) =1 and then
v(W(0))
P{r(x) < 00} = —
0 } r(0<eo V(W(7(X)))
~[ v(W(0)) }
= e*'r]XE o (> 96
{v<wmx>» (96)
whereE is the expectation with respect B Define

mf = lim P{Y =}

e ™dP

Alﬁ = P{Ylk:”P{Yok: i}
pt = lim P{YX(t) = i}
= E{S|Ys' =i}

P

K —
Ty (r¥—ck)

Next, we bound

E{—”(W(O)) }— (W(O))E{—l }
oW " o(W(r (X))

oo

K € _ B 1
kHlijlfo v (R Yy ) TRy dykE{—U(W(T(X)))}

k 1
_ k(1 _ AKYKE
11 b= A9 E{U<W(r(x)>>}'



460 N. Gautam et al.

At time 7(x), the W(t) process can only be in stat€is,s,,i»,S,...,Ik,S) that
satisfy >, 1 > c. Hence we have

E{ ! }< 1
v(W(7(x))) min_ [T {infu(i% %}
il’iz""’iK:Z:lrit>Ck:l X
and
_ 1 L
E{ (W(r(x»)}2 . ,
U max ] {supud(i*x)}
iz i S rksc k=1 X

Therefore the bounds on E@®6) are
L.e ™ =P{r(x) < oo} =L*e " 97)

where

K
I1 k(1 — A<)uX
k=1

L* = -
min,_ [T {inf o (i% x)}
il,iz,..‘,iK:Er,';>ck:1 X
K=1
K
[T %1 — A<)uk
k=1
L,=

max, ﬁ {supui (i’ X)}.

oo o ke k=1 X
(PR PN P S
K=1

Step 6. Original process. Next we rewriteL* andL, in terms of thef? state
SMPs{ZX(t),t =0} (forallk € {1,2,...,K]). Finally, we convert the expressions to
those of the originat, state SMP$ZX(t),t = 0} and obtainC* C,, and Eq (92) of
Theorem 6Note that conditiorf93) put on the functions*(i, x) is equivalent to the
condition thatL,, > 0 andL* < oo, that is thatC, > 0 andC* < oo, which follows
from the assumptions of Theorem 6 u

6. COMPUTATION OF C* AND C.
In this section we address two concerns while using Theorem 1 in Section 4

« how to compute; in Eq. (12), hencehin Eq. (13
* how to computel,,.(i,j) and¥,i,(i,j) in Egs (15) and(16), respectively
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6.1. Computation of n and h

To computen, we have to solve Eq12). In terms of the effective bandwidth of the
sourceit is the same as solving fayin

eb(n) =c (98)

whenevere(®(v)) = 1 has a solutionfsee Gautani13]). Also, condition(17) is
satisfied wheneves(® (v)) = 1 has a solutionThereforethe easiest way to calcu-
laten is to use Eq(98). Since a semi-Markov process is a special case of a Markov
regenerative proce$®RGP), to compute the effective bandwidth of a source mod-
ulated by an SMP we use the results from Kulkd8].

The eigenvectoh is obtained by solving

ha () = h.

Note An interesting scenario that arises in practical situations is the case when
e(®(v)) = 1 has no solutionsThis is also the case when conditi@tv) is not sat-
isfied. We do not address this issue in this pgpgeweveywe will publish a tech-
nique to get around this scenario in a forthcoming paper

6.2. Computation of ¥, and ¥,
Consider a nonnegative random variableith distributionG; (x)/G; (c0) and density

dG;(x) 1
g (x) = l

The failure rate function oY is defined by
g ()
_ G; (x) .
Gj (c0)

)\ij(X) = (99)
Y is said to be an increasing failure rat€R) random variable if

Ay (%) T x
andY is said to be a decreasing failure ral~R) random variable if

Ay () 4 x.

It is possible to obtain closed form algebraic expressions¥gy,(i,j) and
Tnin(i,j) in Egs (15) and(16), respectivelyif a random variabléy with distribution
Gjj (x)/Gjj (o) is an IFR or DFR random variahl&he following theorem describes
how to computel,.(i, j) and¥,in(i,]) in those cased et x* andx, be such that
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hif e =VdG; (y)

X* = arg su _ - p (100)
E e’fl(ri_c)xf dGij (y)
T X

and

hif e =vdG; (y)

X, = arg inf . = . (101)
B nn-on [ a6, (y)
Ti X

THEOREM 7: If Y is IFR or DFR thenW,,.,(i,j) and¥,,(i, ) in Egs (15) and(16),
respectiely, occur at xvalues gien by the following tabte

IFR DFR
rn>c n=c n>c n=c
x* 0 ] ] 0
Winax(i,]) (bu (=n(ri,—c)mih; 7ih )lu (c0) 7ih )lu (c0) (bu (=n(r — c))rih;
Pj Pi pi(Aj(0) =m(ri=c))  pi(A(0) = m(ri —c)) p; P
Xy © 0 0 ©
Wnin(i, J) 7 i Ajj (e0) i (—=n(ri —c))7ih; @i (—=n(ri —c))7ih; 7 hy Ajj (00)
pi (Aj(e0) = n(r; = ©)) P Pi P Pi pi (A (e0) = m(ri = ©))
where

Ajj (00) = l'_mo )\ij(x)-

Proor: LetY!be the remaining life associated with the random variyblhenY*
will have distributionGf (a) given by

1-Gj(a) = P{Y'>a}
=P{Y—-t>alyY>t}.

It is known(Ross[29]) that if Yis IFR (DFR), thenY' is stochastically decreasing
(increasing in t, henceE[ f(Y')] is decreasindincreasing in t for all increasing
functionsf. Thereforeif Yis IFR (DFR) andr; > c, then

e_”l(ri_c)xf e’fl(fi_c)ydqj (y)

[

E(en o |y > x) =
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is decreasing@increasingin x. Similarly, if Yis IFR(DFR), thenY'is stochastically

decreasindincreasing in t, hencekE[ f(Y')] is increasingdecreasingin t for all
decreasing functionfs Thereforegif Yis IFR (DFR) andr; = c, then

e—n<ri—0)><f en(r.—C)deij (y)

f:’ dG; (y)

E(e"l(r|_c)[Y_X] |Y > X) =

is increasingdecreasingin x. Note that

. ” 7(ri—c) )
hlfx ¢ YdGJ(y) _ (fgij (=n(ri —c)mih

Iim0 -
E en(ri—c)xf de (y) Pij Pi
T X
and using L'Hospital’'s Rule we show that
hif e IvdG; (y)
lim o
e E 7 (ri—c)x dG
. € ) i (Y)
_ dG‘J (X) hi 7,
_eﬂ(ri ox -
. dx pi
= Jim. 4G, (%)
—eninimox +n(ri — C)en(r'_c)x(Gij (00) — Gj (x))
_hin - { Pi Gi (%) }
P x| P i (X) — n(ri — ) (py — G (X))
_ T h /\ij (o0)
Pi (Ajj(e0) — n(r; — c)’
Hence the result follows |

If Yis not an IFR or DFR random variabl@enx®, X, ¥max(i, ] ), andW(i,])
can be obtained only numerically
7. EXAMPLES
7.1. General On-Off Source

Consider a source modulated by a two-stae and off) process that alternates
between on and off stateEhe random amount of time the process spends in the on
state(calledon-times has cdfU(-) with meanry and the correspondingjf-timecdf
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is D(-) with meanry. The successive on- and off-times are independent and on-
times are independent of off-timdsluid is generated continuously at raitduring
the on state and at rate 0 during the off stAteource modulated by such a two-state
(on-off) process is called general on-off source with on-time distribution( U,
off-time distribution [¥-), and (peak rate .

Consider a general on-off source with on-time distributibn ), off-time dis-
tribution D(-), and rater that inputs traffic into an infinite-capacity buffeFhe
output capacity of the buffer is a constanfAssume

r’TU

<c<r.
TU+TD

Equation(11) reduces to
0 D(vc)
U-v(r—=c) 0 |
whereU(-) andD(-) are the Laplace Stieltjes transforfisSTs) of U(t) andD(t),

respectivelyln this subsectionwe assume that(® (7)) = 1 has a solution and it
implies that

d(v) =

e(@(n) = VU (=n(r —c)D(nc) =1
can be solvedHence 7 is the smallest real-positive solution to
U(=n(r —¢)D(ne) = 1.
Also, Eq. (13) reduces to

h=[1 D(noc)].
Furthermorefrom Eqgs (14), (16), and(15), we get
_ (A=DBnepr
c(r—c) ’
{ (ro+70) [ dD(y)}
. 0 ) inf, 1-DW
(ry + TD)f e du(y)
| inf, | Dre) Xl_ 000 0
and
{ (ro+70) [ dD(y)}
Wnax = ’ - . 1-bX
(ru + TD)f eI dU(y)
| sun D(ne) Xl_ 00 0
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From Theorem Jlwe can derive that

C.e ™ =P{X>x}=C*e ™ (102)
where
U(-n(r—c)—1 r
oo UCntr—c) L (103
Tut 7o en(r-9u du(y)
_ inf, X
c(r—c)nin 1-U
and
U(-n(r—c)—1 r
¢ UCnr—o) L (108
Tut Tp e qU(y)
c(r — c)nsup

1-U(x)

If U(-)is IFR/DFR, the supremums and the infimums in the above equations can be
obtained from Theorem 7 in Sectior26

7.2. Erlang On-Off Source

Consider the special case of the general on-off source in Sectionith Erlang-
(Ny, @) on-time distribution Erlang(Np, 8) off-time distribution and rater. Note
thatry = Ny/a and7p = Np/B. Equation(11) reduces to

5 (ve) ° ( 3 )

0 D(vc B +uvc

(D(U) = |:G(—U(r _ C)) 0 :| = < a >Nu 0 .
a—v(r—oc)

Itis possible to show that(® (v)) = 1 always has a solutiohlence 7 is obtained by
solving

e(®(n) = VO(—n(r — ))D(nc) =1

=[5 2]

Using the fact that th&rlang random variable has an increasing hazard rate func-
tion, from Theorem 7 in Section.B, we see that

and

B\
. 0 (NU/a+ND/B)<,3+77C>

(ﬁ >NDN N /B) — 0
Gire) Nofat No/B)



466 N. Gautam et al.

and
0 (Ny/a + Np/B) B
U D B+1c
Ymax = .
B Np a Ny
<B+n0> (NU/a+ND/B)<a—n(r—C)> 0
Using Theorem Jlwe have
C.e "=P{X>x} =C*e ™ (105)
where
(imi=a)
—] -1
, a—mn(r—c) r
C* = (106)
TU + TD (r _ C) { o }
¢ K a—mn(r—c)
and
(i=i=a)
_— -1
C.= a—qlr-c) ' 107
- vt o c(r—oc) {( a )NU}' ( )
"Na—n(r—c

Consider a numerical example of an Erlang on-off source with on-time distri-
bution Erlang(Ny, «) and off-time distributiorErlang(Np, 8). Letr = 15, ¢ = 10,
Tu = 75, andrp = 5. We keep the means consténe., 7, andr are held constait
but decrease the variances by increadipgndNp. In Figure 3 we illustrate for four
pairs of (Ny, Np), (namely (1,1), (4,3), (9,8), and (16,14)), the logarithm of the
upper and lower bounds on the limiting distribution of the buffer-content process
From the figure we notice thaas the variance decreaséise bounds move
further apartAlso note thaC* increases with decrease in variance @pdecreases
with decrease in varianc8incen increases with decrease in varianibe tail of the
limiting distribution rapidly goes to zero

Remark: Let Ny — o0, @ — oo such thatNy /a = 7, a finite positive number and
Np — oo, B — oo such thatNy /B = 7p, a finite positive numbelSuch a source is a
deterministic on-off source with on-timeg and off-timesry. The upper and lower
bounds for this limiting case of an Erlang on-off source is illustrated in Figure 4

In Figure 5 we demonstrate the exact probabilitieeX > x) for differentc
values increasing fromr, /(7y + 7p) to r. We compare these exact probabilities
with the bounds obtained by limiting case of the Erlang distributidre x* values
in Figures 4 and 5 are identicdlencewe can conclude that the limiting case of the
Erlang distribution does produce bounds that make sense for the deterministic on-off
source
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(1.1

TS ag

Iog1 (P(X>x))

-30 7 -+ lower bound
upper bound

@

(16,14

Ficure 3. Logarithm of the upper and lower bounds as a functior. of

7.3. Tandem Buffers—Single Source

In this section an exponential on-off source with on-time parameteoff-time
parametep, and rater inputs traffic to an infinite-capacity buffer with output ca-

*
X X

0 :

3

x ------ lower bound

a

o upper bound

o

ke)
-0 |

FiGuURE 4. Logarithm of the bounds as a functionfor the limiting case
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P(X>x)

Upper Bound on P(X>x

LT
(e

x* X

Ficure 5. The deterministic on-off source probabilities and bounds

pacity c;. The output from the buffer acts as an input to another infinite-capacity
buffer whose output capacity ¢s.
The effective bandwidth of the exponential on-off source is

v—a—B+(rv—a—B)2+48rv
2v )

eb(v) = - (108)

Assume
rB/(a+B)<c,<c <r.

We study the buffer-content processes of the respective byifers),t = 0} and
{X5(t),t = 0}. See Figure 6 for an illustration of the model
For the exponential on-off source we have

L (109)

P{X1>X}:C(a—+,8)e X
1

where

Cia+C 8 —PBr
m=-_, v
' c(r—cy)

[

—  Xj(t)

¢, c,
X2 (1) F—

FIGURE 6. Exponential on-off input to buffers in tandem
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Using the analysis in Narayan&23], we model the output process from the
first buffer as an alternating renewal proceBisus the input source to the second
buffer can be modeled as a general on-off source with an on-time distridution
(with meanr/(c,(a + B) — rB)), off-time distributionD(t) (with mean ¥8), and
ratec,, where

2 oo 2k Zk! 2k —ayt/r 1t/ n
U(t)=<a22aal3>go{<zi;> —k!((kjl)!][l—;_)o(—e r(f L )} (110)

with a; = Br — B¢, + acy, a, = v 4aBcy(r — ¢,), ag = 1/(2B(r — ¢;)), and
D(t)y=1—e "
The LST of the distributiotJ(-) is

W+ B+ ¢ W)
U(w) = {

if w=w*
B

0 otherwise

where w* = (2VcaB(r — ¢1) — B — cia — ¢ B)/r, ss(w) = (=b —
Vb2 + 4w(w + a + B)ci(r — ¢1))/(2ci(r — ¢;)) andb = (r — 2¢)w +
(r — c1)B — cya. The LST of the distributiorD(-) is

B .
I5(W)={,B+w tw=—p

o0 otherwise

From Kulkarni and Gautafii 9] we have the effective bandwidth of this general
on-off sourceeh,(v), given by

eb,(v) if0 =v=0v*
eb(v) =

(eby(v*) —¢y) v +c ifo>0v"
v

s _ 1[_3 Ca _ @ _ B(r—cy)
v = r< ,B—(r—cl) 1> + - <1 ,—Cloz ) (111)

andeby(v) is from Eq (108). Note thatn, is obtained by solving

where

eb(n,) = c,.
If 5, =0 we have

0 I5(71202)}

®(mz) = [G(_ﬁz(cl —¢) 0
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ande(®(mn,)) =1 (note that ify, > v*, thene(®(n,)) = 1 has no solutionsThen we
obtainh, by solving

[1 hy]®(n2) =[1 hy]

ash, = D(9,C,).

Intuitively, a random variable with the distributiod(t) (of Eq. (110) is a
Decreasing Failure Rate random varialdence U (t) represents the busy period
distribution. The intuition can be verifiedafter a lot of algebrausing the expres-
sion forU(t) in Eq. (110).

Using Theorem [lthe steady-state distribution of the buffer-content process
{X5(t),t = 0} is bounded as

Coe 2% = P(X, > x) = Ce ™

where

D(m,cy) —1 4 U(=mna(ci— ) —1

h
—1M2C; 72(CL — C2) 2
C; = , (112)

f enz(crcz)ydu(y)

hyci(a + B) lim
B(cy(a+B) —rB) x>

f e"lz(clfcz)xdu(y)

D(n,c,) — 1 " U(=ma(c; —c)) — 1 h

c. = —12C; 72(CL — C) 2 (113)
. nale B G-

B(ci(a+B) —r1pB)

7.4. Tandem Buffers—Markov Modulated On-Off Sources

Consider the tandem buffers model in Figurdrput to the first buffer is fromN
independent and identical exponential on-off sources with on-time paramgeter
off-time parametep, and rate. The output from buffer 1 is directly fed into buffer
2. The output capacities of buffer 1 and 2 areandc,, respectivelyWe study the
limiting distributions of the contents of the two buffers

2-= ¢ C
: Xl (t) Xz(t) o -
N—

FiGure 7. Tandem buffers model with multiple sources
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Buffer 1: LetZ,(t) be the number of sources that are in the on state atti@learly
{Z4(t),t = 0} is an SMP(more specificallya CTMC). Assume

NrgB
atp
We can show thatGautam13]) ®(5) is given by

< ¢y < Nr.

i

i+ (N—1)B—(r—c)s =171
$;(5) = (N=1)B o
J et (N—)B—(r—c)s =11
0 otherwise

ande(®(8)) = 1 always has solution&sing the expression fab(v) in Eq. (108
and solving forp, in N eb(;) = ¢, we get

N(c,a + ¢, 8 — NBr)
Ci(Nr —cy)

m =

The eigenvectors are obtained by solving
h = h(b(nl).
The limiting distribution of the buffer-content procesé;(t)t = 0} is given by

Cpe X =P{X,>x}=Cje ™}

where
C* |§0 7}1(” Cl) (E (()blj (7)1)) >
1 . E 1 ’
8 et (N DB — ma(ir —cy)
Z) 771(|r Cl) <2 (¢IJ (771)) )
Cl* = h 1 ’
e B e+ (N— )8 — m(ir — c,)
and
ai Ti N| aNfi,Bi
pi = =

a % . SN =) (et BN
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Buffer 2: LetM = [c,/r]. Define

Za(t) = {M if X,(t) > O, (114)

whereZ,(t) is the number of sources on at tihd.et R,(t) be the output rate from
the first buffer at time. We assume that

NrgB
a+p

We can see that tR&,(t), t = 0} process is an SMP on state spd@gd, ..., M} with
kernel

<6, <.

G(t) = [G; ()]
derived belowFori =0,1,...,M —1andj =0,1,...,M, let

i _ _ —
m(l—exp{—(la+(N—l)B)t}) ifj=i—1

G)y=4_ (N-DB o o
J |C¥+(N—I)B(l exp{ (i + (N |)B)t}) |f]—|+l
0 otherwise

To describeGy; (1), we need to define the first passage timéXa(t), t = 0} process
as follows

T = min{t > 0: X,(t) = 0}.
Then forj=0,1...,M — 1, we have
Gy (1) = P{T =t,Z4(T) =j[X1(0) = 0,Z,(0) = M}.

Note thatGym(t) = 0. The Laplace—Stieltjes transforth ST) of Gy;(t) can be
computed using the analysis in Narayanan and Kulka4j. See Gautarfil 3] for
a detailed derivation

From Kulkarni and Gautarfi9] we have the effective bandwidth of the output
from Buffer 1, eb,(v), given by

N eb(v) if0=v=yv*
eb(v) = (N eQ(v*)—c)%*+° o>

whereeb,; (v) is from Eq (108) and

Bl |_Gax ), e, [B(Nr—c)
v —r< BN — o) 1>+r<1 e > (115)
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Hence solving

eby(n,) = ¢,
we get
X N(Cza‘l'Cz,B_ N,BI’) h(U*)_C]_U*
7]2 = min ) ’
Co(Nr —cy) GG
where

(0" —a B+ (" —aB)7+ 4o )N
2 |

h(v*) = (116)

If n, =v" then

- Gj(—ma(ir —¢c)) if0=i=M-—-1
Pu(n2) = {Gn (—ma(cr— ) i =M,

ande(®(n,)) = 1. We obtainh by solving
h®(7,) = h.

It can be shown that the random variables associated with the distribution
Gwj (X)/Gyj(0) have a decreasing failure ratéence from Theorem 7%,,n(M, j)
and¥,,.,(M, ) occur atx = co andx = 0, respectivelyThus using Theorem Jlwe
can find bounds for the steady-state distribution of the buffer-content process
{X,(t),t = 0}.

In Figure 8 we illustrate the upper and lower bounds on the limiting distribution
of the buffer-content process

tIim P{X,(t) > x} = P{X, > x}

for a numerical example withk =1, 8 =0.3,r =1, ¢, = 1322, ¢, = 10.71, and
N = 16.
In a forthcoming papewe will discuss the casg, > v™* (whene(®(v)) =1 has
no solution$ and use the results to solve Quality of Service problems in multipri-
ority networks

8. CONCLUSIONS AND EXTENSIONS

In this paper we have derived upper and lower bounds on the steady-state distribu-
tion of the buffer-content proceswith constant output capacityvhose input is
modulated by a single SMPnlike the effective-bandwidth approximationhere

the results are valid only in the asymptotic case of large buffers and small tail prob-
abilities the SMP bounds are valid for all buffer sizes and tail probabilitiéshave

also illustrated how to compute the SMP bounds and obtain closed form algebraic
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-5 Upper Bound

log,, (P(X; > X))

Lower Bound

9

FI1GURE 8. The upper and lower bounds as a functioxof

expressions for certain special caseswell as reported the resultgoper and lower
bounds using several examples

We have derived the bounds for the buffer-content process when the input to
the buffer is generated from several souree=sch modulated by an independent
SMPR Since the result is very similar to the single SMP souwee do not go into
the details of the proof of the theoree conclude howevey that the only sig-
nificant difference is the minimization or the maximization being done over a
slightly different set We consider examples and applications of Theorem 6 in
detail in a few other papers dealing with multiplexing multiclass traffic in high-
speed telecommunication networks

It may be possible to extend the SMP bounds result to more general sources
like MRGP sources and general Markovian souyeesl with time-varying output
capacities

We also believe th& (X > x) ~ Ce "™ for some constar@ > 0 (perhaps under
the mild conditiong however this problem for more than one stream seems to be
very difficult. In fact, we think thatw(z(x)) —> W?° for some variablaV® Then
from Eq (96) and the fact that function is bounded and continuouwe would
obtain the needed assertion
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