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In this paper we consider an infinite buffer fluid model whose input is driven by
independent semi-Markov processes+ The output capacity of the buffer is a con-
stant+We derive upper and lower bounds for the limiting distribution of the station-
ary buffer content process+We discuss examples and applications where the results
can be used to determine bounds on the loss probability in telecommunication net-
works+

1. INTRODUCTION

In high-speed telecommunication networks~mainly asynchronous transfer mode
~ATM !!, the optimal design and admission control problems frequently require com-
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puting a certain Quality of Service~QoS! or Grade of Service that the network users
need in order to be assured+ This QoS is based on loss probability, delay, delay-jitter,
etc+ We mainly focus on the loss probability aspect where loss occurs whenever a
buffer overflows+ It becomes important, therefore, to study the buffer content
processes+

The high speed~e+g+, 155–622 Mbits0sec! of the ATM network implies that it
can transmit millions of cells~53-byte ATM packets! per second+ This makes fluid-
flow models useful in describing the flow of cells+We analyze the packetized traffic
by approximating it by fluids, following the large literature using fluid-flow models
for communication systems~see, e+g+, Anick, Mitra, and Sondhi@1# , Elwalid and
Mitra @10# !+ Chen and Yao@5,6# , Ott and Shanthikumar@25# , Harrison@14# , Chen
and Mandelbaum@4# , among others, demonstrate how to convert any discrete ar-
rival system into a fluid-flow system and apply the fluid-model results+ Our results
can therefore be applied to a wide variety of networks, not just high-speed ATM
networks+

The most popular method to analyze the buffer content process is by using the
effective bandwidth approximation+ The effective-bandwidth methodology, al-
though simple to use, is based on an exponential approximation to the tail of the
distribution of the buffer content in steady state+ This approximation holds when the
buffer sizes are very large and the tail probabilities are small+ Several researchers
have attempted to redress these shortcomings+ For example, Elwalid et al+ @9# and
Elwalid and Mitra@11# modify the effective-bandwidth methodology and develop
the Chernoff Dominant Eigenvalue~CDE! approximation for single-class traffic+To
avoid approximations, other approaches have been developed+ They include deriv-
ing upper and lower bounds for the tail of buffer content process in steady state with
a Markov additive input by discretizing time and using extensions of Kingman’s
exponential bounds for waiting times in the stationary regime in aG0G01 queue~see
Kingman@16# , Ross@28# ,Artiges and Nain@2# , and Liu, Nain, and Towsley@21# !+
Artiges and Nain@2# obtain exponential bounds for multiplexing multiclass Marko-
vian on-off sources, where the upper bounds are similar to those in Palmowski and
Rolski @26# +

Liu et al+ @21# obtain exponential bounds for a large class of single resource
systems fed by multiplexing MarkovArrival Processes in discrete time+ In this paper
using the exponential change of measure,we generalize the results of Liu et al+ to the
continuous time case and a more general input process+Obviously, the parameters in
the exponents of the lower and upper bounds obtained in both papers using a Markov
additive input model are the same+ The technique of exponential change of measure
are presented in Palmowski and Rolski@26# , who develop bounds for the distribu-
tion of the buffer-content process whose input traffic is modulated by a continuous
time Markov chain~CTMC!+ In this paper we generalize their results to the semi-
Markov modulated traffic+

The paper is organized as follows+ In Section 2 we describe the model of a single
buffer with traffic from K independent sources modulated by semi-Markov pro-
cesses+ In Section 3 we explain the notations used for semi-Markov processes for the
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case where there is only a single source~K 51!+ In Section 4 we derive bounds for
the buffer content distribution for the single source~K 5 1! case+ In Section 5 we
generalize the results in Section 4 toK sources+ In Section 6 we demonstrate how to
compute the bounds, and in Section 7 we illustrate the results using several examples+

2. SINGLE BUFFER FLUID MODEL

Consider a single buffer that admits single-class traffic fromK independent sources,
and thekth source driven by a random environment process$Zk~t !, t $ 0%,
k 5 1,2, + + + ,K ~Fig+ 1!+ Note thatZk~t! can be thought of as the state of thekth
input source at timet+ When sourcek is in stateZk~t!, it generates fluid at rate
rZk~t!

k into the buffer+ Let X~t! be the amount of fluid in the buffer at timet+ The
buffer has infinite capacity and is serviced by a channel of constant capacityc+
The dynamics of the buffer-content process$X~t!, t $ 0% are described by

dX~t!

dt
5 5(

k51

K

rZk~t!
k 2 c if X~t! . 0

H(
k51

K

rZk~t!
k 2 cJ1

if X~t! 5 0,

(1)

where$x%1 5 max~x,0!+ The solution is given by~Kulkarni and Rolski@20# !

X~t! 5 sup
0#u#t

SY~t!,E
u

tS(
k51

K

rZk~s!
k 2 cD dsD,

where

Y~t! 5 X~0! 1E
0

tS(
k51

K

rZk~s!
k 2 cD ds+

It has been shown in@20# that the buffer-content process$X~t!, t $ 0% is
stable if

(
k51

K

E$rZk~`!
k % , c, (2)

Figure 1. Single buffer fluid model+
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in which caseX~t! r X in distribution with

X 5 sup
u#0
E

u

0S(
k51

K

rZk~s!
k 2 cD ds+ (3)

One of the main aims of this paper is to analyze the limiting behavior of the
buffer-content process$X~t!, t $ 0%, namely,

P$X . x% 5 lim
tr`

P$X~t! . x%+ (4)

We obtain upper and lower bounds for this limiting distributionP$X . x%+We first
consider a single source~K 5 1! and then extend the analysis to multiple sources+

3. SINGLE SOURCE MODEL: NOTATION

Consider the fluid model in Section 2~see Fig+ 1! with a single source~K 5 1!
modulated by a semi-Markov process~SMP! $Z~t!, t $ 0% on state space$1,2, + + + ,,%+
Fluid is generated at rateri at time t when the SMP is in stateZ~t! 5 i+ We first
introduce the relevant notation for the SMP$Z~t!, t $ 0%+

Let Sn denote the time of thenth jump epoch in the SMP withS0 5 0+ DefineZn

as the state of the SMP immediately after thenth jump; that is,

Zn 5 Z~Sn1!+

Let

Gij ~x! 5 P$S1 # x;Z1 5 j 6Z0 5 i %+ (5)

The kernel of the SMP is

G~x! 5 @Gij ~x!# i, j51, + + + ,, +

Note that$Zn,n $ 0% is a discrete time Markov chain~DTMC! with transition prob-
ability matrix

P 5 G~`!+

We assume that this DTMC is irreducible and recurrent+ Let

Gi ~x! 5 P$S1 # x6Z0 5 i ! 5 (
j51

,

Gij ~x!

and the expected time the SMP spends in statei be

ti 5 E~S16Z0 5 i !+

Let

pi 5 lim
nr`

P$Zn 5 i %
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be the stationary distribution of the DTMC$Zn,n $ 0%+ It is given by the unique
nonnegative solution to

p 5 pP and (
i

pi 5 1+ (6)

The stationary distribution of the SMP is given by

pi 5 lim
nr`

P$Z~t! 5 i % 5
pi ti

(
m51

,

pmtm

+ (7)

Since

E $rZ~`! % 5 (
m51

,

pmrm,

for stability we assume that~see Eq+ ~2!!

(
m51

,

pmrm , c+ (8)

We also assume that

c , max
1#m#,

rm; (9)

otherwise, the buffer will always be empty in steady state+
Let L~t! be the remaining sojourn time of the SMP in the current state at timet+

It is known that~see Kulkarni@17# !

lim
tr`

P$Z~t! 5 m,L~t! . x% 5 pmE
x

` 12 Gm~s!

tm

ds+

$L~t!, t $ 0% is called the supplementary age process of$Z~t!, t $ 0%+

4. SINGLE SOURCE MODEL: RESULTS

The following theorem gives the bounds on the limiting distribution ofX~t!+ First,
we need the following definitions+ Let

fij ~d! 5 E~ed~ri2c!S1;Z1 5 j 6Z0 5 i !, (10)

and

F~d! 5 @fij ~d!# i, j[1, + + + ,, + (11)

Note thatF~d! is a matrix with nonnegative elements+ Let e~F~d!! be the Perron–
Frobenius eigenvalue ofF~d!+ Let h be the smallest real-positive value satisfying

e~F~h!! 5 1+ (12)
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Let h 5 @h1,h2, + + + ,h,# be the corresponding left eigenvector, that is,

h 5 hF~h!+ (13)

Define

H 5 (
i51

, hi

h~ri 2 c! S(
j51

,

~fij ~h!! 2 1D, (14)

Cmax~i, j ! 5 sup
x 5 hi e

2h~ri2c!xE
x

`

eh~ri2c!ydGij ~ y!

pi

ti
E

x

`

dGij ~ y! 6 (15)

and

Cmin~i, j ! 5 inf
x 5 hi e

2h~ri2c!xE
x

`

eh~ri2c!ydGij ~ y!

pi

ti
E

x

`

dGij ~ y! 6 + (16)

Theorem 1: Suppose inequalities~8! and ~9! hold and there exists solution of
Eq+ ~12! ~which is unique! and

Cmin~i, j ! . 0 and Cmax~i, j ! , ` for all i, j [ $1, + + + ,,%+ (17)

Then X~t! r X in distribution and

C*e
2hx # P$X . x% # C*c2hx, for all x $ 0, (18)

whereh is from Eq+ ~12! and

C* 5
H

min
i :ri.c, j :pij .0

$Cmin~i, j !%

C* 5
H

max
i :ri.c, j :pij .0

$Cmax~i, j !%
+

We now describe the main steps in the proof of this theorem below+ Each step is
discussed in detail in the following subsections+

Step 1. The reversed SMP. From Eq+ ~3! we have

P$X . x% 5 PHsup
u#0
E

u

0

~rZ~s! 2 c! ds. xJ
5 PHsup

t$0
E

0

t

~rZ~2s! 2 c! ds. xJ +
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Now define

Y~s! 5 Z~2s!+

Then $Y~s!,2` , s , `% is the time-reversed version of$Z~s!,2` , s , `%,
therefore,

P$X . x% 5 PHsup
t$0
E

0

t

~rY~s! 2 c! ds. xJ +
Thus, we need to study the reversed process$Y~t !,2` , t , `%+ In general
$Y~t!,2` , t , `% is not an SMP+ A necessary and sufficient condition for it to
be an SMP is given in Section 4+1+

Step 2. Markov process and its generator. Even if $Y~t!,2` , t , `% is
an SMP, it is not a Markov process in general+ Hence, we construct a canonical
Markov process$w~t!, t $ 0% defined byw~t! 5 ~Y~t!,S~t!!, whereS~t! is the sup-
plementary age process of$Y~t!,2`, t ,`% ~as defined in Section 3!+ Let Q be its
generator+We shall show in Section 4+2 that

@Q~x!# ij 5 H ]

]x
2 ri ~x! 1 ri ~x!aii D i 5 j,

ri ~x!aij D i Þ j+

Hence, the process defined by

M~t! 5
v~w~t!!

v~w~0!!
e

2E
0

t Qv

v
~w~s!! ds

is a martingale~Ethier and Kurtz@12# !, for any functionv~{,{! [ D~Q! ~the domain
of the generatorQ! with strictly positive infimum+

Step 3. Choice of v({,{). We next show~see Section 4+3! that it is possible to
choose av~{,{! [ D~Q! such that

M~t! 5
v~w~t!!

v~w~0!!
e

2E
0

t Qv

v
~w~s!! ds

5
v~w~t!!

v~w~0!!
e

z E
0

t

~rY~s!2c! ds
,

for some positive real numberz+ Note that$M~t!, t $ 0% is a mean one martingale
with respect to the natural filtration of$w~t!, t $ 0% process, that is, E @M~t!% 51 for
all t+

Step 4. Martingale M(t). Let

t~x! 5 inf Ht . 0 : E
0

t

~rY~s! 2 c! ds. xJ + (19)
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From the above definition, we have,

Hsup
t$0
E

0

t

~rY~s! 2 c! ds. xJ [ $t~x! , `%+

Hence,

PHsup
t$0
E

0

t

~rY~s! 2 c! ds. xJ 5 P$t~x! , `%+

Now define a modified measureEPt onFt 5 s$w~u! :0 # u # t% ~see Section 4+4! by

d EPt

dPt

5 M~t!+

Then,

P$t~x! , `% 5E
t~x!,`

dP

5E
t~x!,`

@M~t~x!!#21 d EP+

From Lemma 4,

EP~t~x! , `! 5 1+ (20)

Therefore,

P$t~x! , `% 5E
t~x!,`

v~w~0!!

v~w~t~x!!!
e2zx d EP

5 e2zx EEH v~w~0!!

v~w~t~x!!!
;t~x! , `J (21)

5 e2zx (
j51

, E
0

`

EE~ j, y!H v~ j, y!

v~w~t~x!!!
Jpj ~ y! dy, (22)

where EE is the expectation with respect toEP and we use Eq+ ~20! to justify equality
between~21! and~22!+

Step 5. The bounds. Clearly, at timet~x!, w~t~x!! can only be in a state
~ i ,s! such thatr i . c+ Hence, the lower bound on EE~ j , y!$ @10v ~w~t~x!!!# % is
10$maxi :ri.c supx v~i, x!% and the upper bound on EE~ j, y!$ @10v~w~t~x!!!#% is
10$mini :ri.c infx v~i, x!%+ These yield the bounds~see Section 4+5 for the expres-
sions! on P$X . x% in terms of the parameters of the reversed processY~t!+

Step 6. Original process. We convert the bounds onP$X . x% in terms of
that of the$Z~t!,2` , t , `% process+ This is done in Section 4+6+

436 N. Gautam et al.



4.1. Time-Reversed Semi-Markov Processes

As mentioned in Step 1 in Section 4, we shall use reversed SMPs in the proof of
Theorem 1+ Hence, we collect the relevant results about reversed SMPs here+

Definition: An SMP with kernel G~{! is called anonanticipative SMPif

@Gij ~x!# 5 @Gi ~x!pij # +

We call such an SMP “nonanticipative” because the sojourn time in the current state
does not depend upon the following state+ In other words, given the current state, the
sojourn time and the next state are independent of each other~a property that is
exhibited by CTMCs!+ In case of a general SMP, the sojourn time depends on both
the current state and the following state+

We first restate a theorem proved in Chari@3#+

Theorem 2: Let$Z~t!,2`, t ,`% be a semi-Markov process with kernel G~x! 5
@Gij ~x!# + Then the time-reversed process$Y~t! 5 Z~2t!,2`, t ,`% is an SMP if
and only if$Z~t!,2`, t ,`% is a nonanticipative SMP+ If $Z~t!,2`, t ,`% is
a nonanticipative SMP, then the reversed SMP is also a nonanticipative SMP with
kernel

F~x! 5 @Fij ~x!# 5 @Fi ~x!aij # , (23)

where

Fi ~x! 5 Gi ~x!, (24)

A 5 @aij # 5 Fpji

pj

pi
G , (25)

andp is given by Eq+ ~6!+

Note that the stationary distribution of the reversed SMP is the same as that of the
original SMP+

We will use the following notations+ Let Sn denote the time of thenth jump
epoch in the SMP$Y~t!, t $ 0%, with S0 5 0+ Define Yn as the state of the SMP
immediately after thenth jump, that is,

Yn 5 Y~Sn1!+

Define

x~d! 5 @xij ~d!# 5 @E~ed~ri2c!S1; Y1 5 j 6Y0 5 i !# + (26)

Note thatx~d! is a matrix with nonnegative elements+ Let e~x~d!! be the Perron–
Frobenius eigenvalue ofx~d!+ Let z be the smallest real positive value satisfying

e~x~z!! 5 1+ (27)

FLUID MODELS DRIVEN BY SEMI-MARKOV INPUTS 437



Let

G~x! 5 @Gij ~x!# 5 @E~ez~ri2c!~S12x! ; Y1 5 j 6Y0 5 i,S1 . x!# + (28)

4.2. Reversed Markov Process and Its Generator

In this section we explain in detail the results shown in Step 2 of Section 4+ We
assume that$Z~t!, t $ 0% is a nonanticipative SMP+We consider its reversed~nonan-
ticipative! semi-Markov process$Y~t!, t $ 0% with kernelF~x!, together with its
supplementary age process$S~t!%+ The process$w~t!, t $ 0% defined by

w~t! 5 ~Y~t!,S~t!! (29)

is Markovian;moreover, it is a piecewise-deterministic Markov process, according
to the terminology of Davis@7,8# +

The generator

Q 5 @qij # i, j51, + + + ,, (30)

and its domainD~Q! are defined as follows+ We use column vector functionf 5
~ f1, + + + , f,!T, wherefi :R1 r R are measurable functions, and adopt a notation that
f ~i, x! 5 fi ~x! ~we use them interchangeably!+ Consider the Markov processw~t! on
the probability space~V,F,P~i, y!!,whereP~i, y! is the underlying probability measure
for which Y~0! 5 i, S~0! 5 y+ For measurable functionsf, f * :R1 r R, we denote

Mf, f * ~w~t!! 5 fY~t!~S~t!! 2 fi ~ y! 2E
0

t

f *~Y~s!,S~s!! ds, t $ 0+

We look for all measurable vector functionsf, f * such that$Mf, f * ~w~t!!, t $ 0% is
a P~i, y! martingale for all~i, y!+ We denote this family off asD~Q!, and we call
the mappingQ : f r f * as the~full ! generator+ The results of Theorem 26+14 from
Davis @8# are adapted to the processw~t! as follows: The familyD~Q! consists of
all measurable functionsf ~x! 5 ~ f1~x!, + + + , f,~x!!, such thatfi ~x! is absolutely con-
tinuous on@0,si !, and E6 f ~i,Ti !6 , `, wheresi 5 inf $t : Fi ~t! 5 1% and Ti is a
random variable with distribution functionFi ~x!+ Also, Cb~R1! is the set of all
continuous and bounded functionsf :R1 r R+ Then, the family of functions
f ~x! 5 ~ f1~x!, + + + , f,~x!! [ Cb

,~R1!, which are absolutely continuous on@0,si ! are
included inD~Q!+ As conditionE6 f ~i,Ti !6 , ` is computationally very difficult
to check, we only consider the family of functionsCb

,~R1!+
Define the hazard rate function

ri ~x! 5
fi ~x!

OFi ~x!
,

wherefi ~x! 5 dFi ~x!0dx, and OFi ~x! 5 1 2 Fi ~x!+
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Following Davis@7,8# , the full generator of$w~t!% is as stated in the following
lemma+

Lemma 1: The full generator of the process w~t! is ~Qf !~i, x!5 ~Q~x! f ~x!!i ,where

@Q~x!# ij 5 H ]

]x
2 ri ~x! 1 ri ~x!aii D i 5 j

ri ~x!aij D i Þ j ,
(31)

where i, j 51, + + + ,, and~Dd!~x! 5 d~0! for a function d[ Cb~R1!+Moreover,D~Q!
is its domain+

4.3. The v Function

We now continue with Step 3 of Section 4 and show how to choosev~x! 5
~v1~x!, + + + ,v,~x!! [ D~Q!+ Following the idea from Palmowski and Rolski@27# ,
we look for the smallestb , 0 fulfilling

Q~x!v~x! 5 bDv~x! , (32)

whereD 5 diag~ @ri 2 c# !

v [ Cb
,~R1! (33)

and

inf
i, x
vi ~x! . 0+ (34)

The ith row of Eq+ ~32! is the first order nonhomogeneous differential equation

]

]x
vi ~x! 1 ri ~x!S(

j51

,

aij vj ~0! 2 vi ~x!D 5 b~ri 2 c!vi ~x!, (35)

whose general solution is

vi ~x! 5 ~ OFi ~x!!21eb~ri2c!xFvi ~0! 2E
0

x

e2b~ri2c!zfi ~z! dz(
j51

,

aij vj ~0!G+
A necessary condition for~34! is

vi ~0! 2E
0

`

e2b~ri2c!zfi ~z! dz(
j51

,

aij vj ~0! $ 0

for all i 5 1, + + + ,,+ This is equivalent tou $ x~2b!u whereu 5 ~v1~0!, + + + ,v,~0!!T

andvi ~0! . 0+

Lemma 2: The smallest possibleb , 0 fulfilling

Q~x!v~x! 5 bDv~x!
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is 2z+ Then,

v~x! 5 G~x!u, (36)

wherex~z!u 5 u+

Proof: We look for the smallestb and vectoru . 0 such thatx~2b!u # u+ If there
exist2b0 . z andu . 0 fulfilling the above inequality, then multiplying it by the
left Perron–Frobenius vectorn2b0

. 0,we would havee~x~2b0!!n2b0
u# n2b0

uso
e~x~2b0!! # 1+ But this is a contradiction ase~x~a!! is a convex function and
e~x~z!! 51+ Thus,2b 5 z and~v1~0!, + + + ,v,~0!! 5 ~u1, + + + ,u,!,wherex~z!u5 u+ In
that case,

vi ~x! 5 ~ OFi ~x!!21e2z~ri2c!x (
j51

,

aij ujE
x

`

ez~ri2c!zfi ~z! dz (37)

5 (
j51

,

Gij ~x!uj ; (38)

that is, v~x! 5 G~x!u+ n

4.4. The Martingale M (t )

As mentioned in Step 4 of Section 4, we develop the mean one martingaleM~t! as
follows+ By Proposition 3+2 in Ethier and Kurtz@12# , we have that

M~t! 5
v~w~t!!

v~i, x!
e

2E
0

t Qv

v
~w~t!! ds

5
v~w~t!!

v~i, x!
e

zE
0

t

~rY~s!2c! ds

is a martingale on~V,F,$Ft %,P~i, x!!, where we may suppose thatV 5 D@0,`!, Ft is
the history ofw~t! up to timet, andF is the smallests field generated by all subsets
from Ft +

Following Palmowski and Rolski@27# , we define a new probability measure
EP~i, x! on ~V,F,$Ft

v%! by

d EP~i, x!, t

dP~i, x!, t
5 M~t!

on which a canonical Markov process$w~t!% is Markovian with full generator

EQg 5
Q~vg!

v
2 g

Qv

v
5

Q~vg!

v
1 zgD+

Thus thei th component is

@ EQg# ~i, x! 5
]

]x
gi ~x! 1

ri ~x!

vi ~x! (
j51

,

aij ujF(
j51

, aij uj

(
k

aik uk

gj ~0! 2 gi ~x!G + (39)
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Lemma 3: On the new probability space~V,F,$Ft %, EP~ i , x!!, the process$Y~t !,
2` , t , `% is again a semi-Markov process specified by~ @ Iaij # ,@ Iri ~x!# ,@ri # !,
where

Iaij 5
aij uj

(
k51

,

aik uk

5
xij ~z!uj

ui

, (40)

Iri ~x! 5

ri ~x! (
j51

,

aij uj

vi ~x!
5

fi ~x!ez~ri2c!x (
j51

,

aij uj

(
j51

, E
x

`

ez~ri2c!zaij fi ~z!uj dz

, (41)

Dfi ~x! 5

fi ~x!ez~ri2c!x (
j51

,

aij uj

ui

, (42)

and

Iti 5
~x '~z!u!i

ui ~ri 2 c!
+ (43)

Proof: The first parts of Eqs+ ~40! and~41! are simple consequences of the defini-
tion of generatorQ and the functionvi ~x!+ Moreover, the second part of Eq+ ~40!
follows from

aij uj

(
k51

,

aik uk

5

aijE
0

`

ez~ri2c!xfi ~x! dx uj

(
i51

,

aikE
0

`

ez~ri2c!xfi ~x! dx uk

5
xij ~z!uj

(
k51

,

x~z!ik uk

5
xij ~z!uj

ui

+

From Eq+ ~41!, we get

Dfi ~x! 5

fi ~x!ez~ri2c!x (
j51

,

aij uj

di

, (44)
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wheredi is a normalizing constant+ Hence,

di 5E
0

`

fi ~z!ez~ri2c!z (
j51

,

aij uj dz5 (
j51

,

x~z!ij uj 5 ui (45)

and we obtain Eq+ ~42!+ Using Eq+ ~42!, Eq+ ~43! is fulfilled by

~ri 2 c! Iti 5 ~ri 2 c!E
0

`

x Dfi ~x! dx

5

(
k51

,

xik
' ~z!uk

ui

5
~x '~z!u!i

ui

+

This completes the proof of this lemma+ n

Let Jp EP 5 Jp be the stationary distribution of the Markov chain$Yn% under the
new probability measure+ In matrix notation, Eq+ ~40! reads as

EP 5 @ Iaij # 5 diag~u21 !x~z!diag~u!+ (46)

Therefore, from Eq+ ~46!

Jp 5 Jp diag~u21 !x~z!diag~u!;

hence,

Jp 5 n diag~u!, (47)

wheren is the left~row! eigenvector ofx~z! corresponding to eigenvalue 1 such that
nu 5 1; that is,

n 5 nx~z!+

The drift Dd 5 EEY~t! 2 c is

Dd 5 (
i51

, ri Jpi Iti

(
j51

,

Jpj Itj

2 c+

Hence, Dd . 0 if and only if

(
i51

,

Jpi Iti ~ri 2 c! . 0,
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which is, by Eqs+ ~43! and~47!, equivalent to

nx '~z!u . 0+ (48)

Consider the eigenvalue problem

5
x~a!ha 5 k~a!ha

na x~a! 5 k~a!na

na ha 5 1

a $ 0+

(49)

Functionk~a! is convex~by Kingman–Miller theorem; see Miller @22# and the
beautiful proof of this theorem by Kingman@15# !+

Lemma 4: Dd . 0+

Proof: Differentiating the first line in Eq+ ~49! we obtain

x '~a!ha 1 x~a!ha
' 5 k '~a!ha 1 k~a!ha

' +

Multiplying both the sides from the right byna and rearranging we arrive at

na x '~a!ha 5 k '~a! 1 ~k~a! 2 1!na ha
' + (50)

Sincex~0! 5 P, we have

h0 5 Pe5 e, n0 5 pP 5 p, k~0! 5 1, (51)

wheree 5 @1, + + + ,1# T is the ~column! vector of ones+ The stability conditiond 5

(i pi ri 2 c , 0 and Eq+ ~50! yield

k '~0! 5 px '~0!e

5 (
i51

,

ai (
j51

, ]

]a
xij ~a~ri 2 c!!6a50

5 (
i51

,

ai ti ~ri 2 c! , 0+

Becausek~0! 5 1, k '~0! , 0, andk~a! is a convex function, there isk '~z! . 0 for
k~z! 51+ Substitutinga 5 z in Eq+ ~50! and bearing in mind inequality~48!, Dd . 0
is equivalent to

nx '~z!u 5 k '~z! . 0+

The proof is completed+ n
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4.5. The Bounds for the Reversed SMP

Continuing with the analysis in Step 5 of Section 4, consider a reversed nonantici-
pative SMP$Y~t!,` , t , `% with kernelF~x! 5 @Fij ~x!# 5 @Fi ~x!aij # + Define

pm~x! 5 am

12 Fm~x!

tm

,

wheream is the stationary probability of the reversed SMP$Y~t!,2`, t ,`%+ Let

bm 5
am

tmz~rm 2 c!
+ (52)

Theorem 3: If conditions~33! and ~34! are fulfilled, then the steady-state distri-
bution of the buffer-content process is bounded as

C*e
2zx # P$X . x% # C*e2zx, (53)

where

C* 5
b~I 2 A!u

min
m:rm.c

inf
x$0
vm~x!

C* 5
b~I 2 A!u

max
m:rm.c

sup
x$0
vm~x!

+

Proof: Let t~x! be as in Eq+ ~19!+ Continuing from Eq+ ~22!, we have

P$t~x! , `% 5 e2zx (
j51

, E
0

`

EE~ j, y!H vj ~ y!

v~w~t~x!!
Jpj ~ y! dy,

which can be bounded above by

# e2zx
1

min
m:rm.c

inf
x$0
vm~x! (

j51

, E
0

`

vj ~ y!pj ~ y! dy+ (54)

However,

(
j51

, E
0

`

vj ~ y!pj ~ y! dy 5 (
j51

, aj

tj
E

0

`

vj ~ y! OFj ~ y! dy

5 (
j51

, aj

tj
E

0

`

(
k51

,

ajk ukE
y

`

ez~rj2c!zfj ~z! dze2z~rj2c!y dy,
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and, integrating by parts,

5 (
j51

, F aj

tj z~rj 2 c! (
k51

,

ajk uk@ EFj ~2z~rj 2 c!! 2 1#G
5 (

j51

,

bj (
k51

,

ajk uk EFj ~2z~rj 2 c!! 2 (
j51

,

bj (
k51

,

ajk uk

5 (
j51

,

bj ~x~z!u!j 2 (
j51

,

bj ~Au!j 5 b~I 2 A!u,

where EF~a! is a Laplace transform+ Thus, by Eq+ ~54!, the proof of the upper bound
in Eq+ ~53! is completed+ In a similar way we obtain the lower bounds in Eq+ ~53!+

n

4.6. Bounds for Nonanticipative SMP

In the previous subsection we derived bounds for the buffer-content process in terms
of the parameters of the reversed process$Y~t!,2`, t ,`%, as illustrated in Theo-
rem 3+ In this subsection, following Step 6 of Section 4,we convert the bounds in Theo-
rem 3 in terms of the original~nonanticipative! SMP$Z~t!,2`, t ,`%+We assume
that$Z~t!,2`, t ,`% is an,-state nonanticipative semi-Markov process with ker-
nel@Gij ~x!#5 @Gi ~x!pij # +All other parameters of the SMP~viz+pj , pj ,tj ,fij ~d!,h,hj !
are as described in Sections 3 and 4+

From Eqs+ ~25! and~24! in Theorem 2, we have

aij 5 pji

pj

pi

(55)

and

Fi ~x! 5 Gi ~x!+

From the definition ofxij ~d! in Eq+ ~26! and Eq+ ~10!, we obtain

xij ~d! 5 EFij ~2d~ri 2 c!!

5 aij EFi ~2d~ri 2 c!!

5 EGi ~2d~ri 2 c!!pji

pj

pi

, (56)

and

fij ~d! 5 EGij ~2d~ri 2 c!!

5 EGi ~2d~ri 2 c!!pij + (57)
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Lemma 5: For a given real positive numberd, the matricesx~d! and F~d! have
identical eigenvalues+ Therefore,

e~F~d!! 5 e~x~d!!

andh 5 z+

Proof: Let G andD be diagonal matrices such that

G 5 diag$ EG1~2d~r1 2 c!!, EG2~2d~r2 2 c!!, + + + , EG,~2d~r, 2 c!!%

and

D 5 diag$p1,p2, + + + ,p,%+

Clearly,

F~d! 5 GP

and

x~d! 5 GD21P'D+

Let l be an eigenvalue ofF~d!+ Therefore, if 6D 6 denotes the determinant of the
square matrixD and if D ' denotes the transpose of a matrixD, we have

6GP 2 lI 6 5 0,

n 6G66P 2 lG21 65 0,

n 6G66P' 2 lG21 65 0,

n 6G66D21 66D66D21P'D 2 lG21 65 0,

n 6GD21P'D 2 lI 65 0+

Thus, l is also an eigenvalue ofx~d!+ For a given real positive numberd, the ma-
tricesx~d! andF~d! have identical eigenvalues+ Specifically, the largest real pos-
itive eigenvalues ofx~d! andF~d! are identical+ Also, the smallestd that satisfies
the largest real positive eigenvalues ofx~d! andF~d! to be identical and equal to
one is unique+ Therefore,

e~F~d!! 5 e~x~d!!

andh 5 z+ n

Sinceh 5 z, the eigenvectorsh andu are given by

hF~h! 5 h and x~h!u 5 u+

Lemma 6: The eigenvector u, thevectorv~x!, and the matrixG~x! are related to the
corresponding terms of the original nonanticipative SMP$Z~t!,2` , t , `% as
given below:
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uj 5
EGj ~2h~rj 2 c!!

pj

hj , (58)

Gij ~x! 5

E
x

`

eh~ri2c!ydGi ~ y!

E
x

`

eh~ri2c!xdGi ~ y!

pji

pj

pi

, (59)

and

vi ~x! 5

E
x

`

eh~ri2c!ydGi ~ y!

E
x

`

eh~ri2c!xdGi ~ y!

hi

pi

+ (60)

Proof: Sincex~h!u 5 u, from Eq+ ~56! for all i, we get

ui 5 (
j51

,

xij ~h!uj

5 (
j51

,

EGi ~2h~ri 2 c!!pji

pj

pi

uj + (61)

Note that

uj 5
EGj ~2h~rj 2 c!!

pj

hj

satisfies Eq+ ~61! since

(
j51

,

EGi ~2h~ri 2 c!!pji

pj

pi

uj 5
EGi ~2h~ri 2 c!!

pi
(
j51

,

pji pj uj

5
EGi ~2h~ri 2 c!!

pi
(
j51

,

EGj ~2h~rj 2 c!!pji hj

5
EGi ~2h~ri 2 c!!

pi
(
j51

,

fji ~h!hj

5
EGi ~2d~ri 2 c!!

pi

hi

5 ui
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using Eq+ ~57! and the relationhF~h! 5 h+ From Eq+ ~28!,

Gij ~x! 5

E
x

`

ez~ri2c!ydFi ~ y!

E
x

`

ez~ri2c!xdFi ~ y!

aij

5

E
x

`

eh~ri2c!ydGi ~ y!

E
x

`

eh~ri2c!xdGi ~ y!

pji

pj

pi

+ (62)

Note that from Eq+ ~36!,

v~x! 5 G~x!u+ (63)

Using Eq+ ~62! and

hi 5 (
j51

,

EGj ~2h~rj 2 c!!pji hj ,

we have

vi ~x! 5 (
j51

,
E

x

`

eh~ri2c!ydGi ~ y!

E
x

`

eh~ri2c!xdGi ~ y!

pji EGj ~2h~rj 2 c!!
hj

pi

5

E
x

`

eh~ri2c!ydGi ~ y!

E
x

`

eh~ri2c!xdGi ~ y!

hi

pi

+ n

From the definition ofbi in Eq+ ~52!, it follows that

bi 5
pi

ti h~ri 2 c!
+ (64)

The following theorem describes the bounds of Theorem 3 in terms of the original
nonanticipative SMP$Z~t!,2` , t , `%+
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Theorem 4: The steady-state distribution of the buffer-content process is bounded
as

C*e
2hx # P~X . x! # C*e2hx,

where

C* 5

(
i51

, hi

h~ri 2 c!
~ EGi ~2h~ri 2 c!! 2 1!

min
i :ri.c

inf
x 5 hi ti

pi

E
x

`

eh~ri2c!ydGi ~ y!

E
x

`

eh~ri2c!xdGi ~ y! 6
(65)

and

C* 5

(
i51

, hi

h~ri 2 c!
~ EGi ~2h~ri 2 c!! 2 1!

max
i :ri.c

sup
x 5 hi ti

pi

E
x

`

eh~ri2c!ydGi ~ y!

E
x

`

eh~ri2c!xdGi ~ y! 6
(66)

provided that

C* . 0 and C* , `+ (67)

Proof: Using the time-reversed process$Y~t!,2` , t , `%, we get from Theo-
rem 3

C* 5
b~I 2 A!u

min
i :ri.c

inf
x
vi ~x!

(68)

C* 5
b~I 2 A!u

max
i :ri.c

sup
x
vi ~x!

+ (69)

Now we rewriteb, A, u, andvi ~x! in Eqs+ ~68! and~69! in terms of the parameters of
the $Z~t!,2` , t , `% process using Eqs+ ~64!, ~55!, ~58!, and~60!+ After some
algebra, we obtain Eqs+ ~65! and~66!+ Let us note that conditions~33! and~34! are
equivalent assumptions that

C* . 0 and C* , `+ (70)

Hence, the proof is complete+ n
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4.7. General SMP Proof

Theorem 4 of the previous section holds only for the special case when the SMP
driving the input to a buffer can be modeled as a nonanticipative SMP+ There are
several applications where the nonanticipative SMP models fail+ In this section, we
prove Theorem 1~which is stated for a general SMP! using Theorem 4 for the nonan-
ticipative SMP+ We first state and prove a theorem that explains how to convert a
general SMP into a nonanticipative SMP+

Let $Z~t!, t $ 0% be an,-state~not necessarily nonanticipative! SMP with kernel
@Gij ~x!# , transition probabilitiespij 5 Gij ~`!, and stationary probabilitiespj ~from
p 5 pG~`!!+ Also, Sn andYn denote respectively thenth transition epoch and the
state of the SMP immediately after thenth transition; that is, Yn 5 Z~Sn1!+ Let N~t!
be the number of transitions by the SMP until timet+ Define

OZ~t! 5 ~Z~SN~t!1!,Z~SN~t!111!!+ (71)

Let PSn be thenth transition epoch of the$ OZ~t!, t $ 0% process andPYn be the state of
the$ OZ~t!, t $ 0% process immediately after thenth transition, that is,

PYn 5 OZ~ PSn!+

Observe thatPSn 5 Sn and PYn 5 ~Yn,Yn11!+

Theorem 5: The,2-state process$ OZ~t!, t $ 0% is a nonanticipative SMP with state
space$~i, j ! :1 # i, j # ,%, kernel

OG~i, j !,~k, l !~x! 5 Hpkl Gij ~x!0Gij ~`! if j 5 k

0 if j Þ k,
(72)

transition probabilities

Sp~i, j !,~k, l ! 5 Hpkl if j 5 k

0 if j Þ k,
(73)

and stationary probabilities

Tp~i, j ! 5 pi pij + (74)

Proof: Let

OG~i, j !,~k, l !~x! 5 P$ PYn11 5 ~k, l !, PSn11 # x6 PYn 5 ~i, j !, PSn, PYn21, + + + %

5 P$Yn12 5 l,Yn11 5 k,Sn11

# x6Yn11 5 j,Yn 5 i,Sn,Yn21, + + + %

5 P$Y2 5 l,Y1 5 k,S1 # x6Y1 5 j,Y0 5 i %,
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since$Z~t!, t $ 0% is an SMP+ Also, givenY1,Y2 is conditionally independent ofS1+
Hence, we can write

OG~i, j !,~k, l !~x! 5 P$Y2 5 l,Y1 5 k6Y1 5 j,Y0 5 i %P$S1 # x6Y1 5 j,Y0 5 i %

5 Hpkl{P$S1 # x6Y1 5 j,Y0 5 i % if j 5 k

0{P$S1 # x6Y1 5 j,Y0 5 i % if j Þ k

5 Sp~i, j !,~k, l !

P$S1 # x,Y1 5 j 6Y0 5 i %

P$Y1 5 j 6Y0 5 i %

5 Sp~i, j !,~k, l !

Gij ~x!

Gij ~`!

5 Sp~i, j !,~k, l ! OG~i, j !~x!,

which is of the form~like the nonanticipative SMP!

@Gab~x!# 5 @Ga~x!pab# +

Hence, we get Eqs+ ~72! and~73!+ It is easy to verify that Tp~i, j ! 5 pi pij satisfies

Tp OG~`! 5 Tp and (
i51

,

(
j51

,

Tp~i, j ! 5 1+

Hence, we get Eq+ ~74!+ n

Let $Z~t!, t $ 0% be a general~not necessarily nonanticipative! SMP+ Construct
a nonanticipative SMP$ OZ~t!, t $ 0% as described in Eq+ ~71!+ Now we use Theorem
4 for the,2-state nonanticipative SMP$ OZ~t!, t $ 0%+ Similar to the Eqs+ ~11! and~5!,
we now define OF~v!, Sr~i, j !, and EOG~i, j !~{!+

From the definition of the nonanticipative SMP$ OZ~t!, t $ 0% and Eqs+ ~73!, ~72!,
and~74!, it is straightforward to show that

Sr~i, j ! 5 Hri if pij . 0

0 if pij 5 0,
(75)

EOG~i, j !~v~ Sr~i, j ! 2 c!! 5
EGij ~v~ri 2 c!!

Gij ~`!

5
fij ~v!

pij

+ (76)

We have,

Nf~i, j !,~k, l !~v! 5 E~ev~ Sr~i, j !2c! PS1; PY1 5 ~k, l !6 PY0 5 ~i, j !!

5 H0 if k Þ j

EOG~i, j !~2v~ Sr~i, j ! 2 c!! Sp~i, j !,~ j, l ! if k 5 j

5 H0 if k Þ j

fij ~v!

pij

pkl if k 5 j+
(77)
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Lemma 7: The smallest real positive value ofd that satisfies

e~F~d!! 5 1

is h if and only if h is the smallest real positive value that satisfies

e~ OF~d!! 5 1+

Proof: For a givenv, let l i be such that

wiF~v! 5 l i w
i,

wherel i is the ith eigenvalue ofF~v! and wi is the corresponding eigenvector+
Thereforel1,l2, + + + ,l, are the, eigenvalues ofF~v! andw1,w2, + + + ,w, the corre-
sponding eigenvectors+Without loss of generality we can assume that

Re~l1! $ Re~l2! $ {{{ $ Re~l,!,

where Re~x! denotes the real part of the complex numberx+
From the expression ofOF~v! in Eq+ ~77!, it follows that there are at most,

linearly independent rows for the matrixOF~v!+ Hence, at least,2 2 , eigenvalues
are zero+ Let Nl1, Nl2, + + + , Nl, be the, possibly nonzero eigenvalues ofOF~v! and
Uw1, Uw2, + + + , Uw, the corresponding eigenvectors+ Without loss of generality we can

assume that

Re~ Nl1! $ Re~ Nl2! $ {{{ $ Re~ Nl,!+

From Perron–Frobenius theorem, Nl1 is real and positive, hence Re~ Nl1! $ 0+ Note
that we can choose each eigenvectorUwn such that

Uw~i, j !
n 5 pij wi

n+

Then also for a givenv, Nln 5 ln for all n [ 1,2, + + + ,,+ In fact,

@ Uwn OF~v!# ~k, l ! 5 (
j51

,

(
i51

,

Uw~i, j !
n Nf~i, j !,~k, l !~v!

5 (
i51

,

Uw~i,k!
n Nf~i,k!,~k, l !~v!

5 (
i51

,

Uw~i,k!
n

fik~v!

pik

pkl

5 (
i51

,

pikwi
n

fik~v!

pik

pkl

5 ln pkl wk
n

5 ln Uw~k, l !
n

5 Nln Uw~k, l !
n +
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Whenv5 h, the largest real-positive eigenvalue for bothOF~h! andF~h! are
equal to one, hence, the proof+ n

In the next lemma, we derive the relationship between the left eigenvectorsh
and Oh+

Lemma 8: Let Oh OF~h! 5 Oh and hF~h! 5 h, then

Oh~i, j ! 5 hi pij + (78)

Proof: From the definition of Oh, we have,

Oh~k, l ! 5 (
j51

,

(
i51

,

Oh~i, j ! Nf~i, j !,~k, l !~h!

5 (
i51

,

Oh~i,k! Nf~i,k!,~k, l !~h!

5 (
i51

,

Oh~i,k!

fik~h!

pik

pkl +

Sincehj 5 (i51
, fij ~h!hi , verify that

Oh~i, j ! 5 hi pij (79)

solves Oh OF~h! 5 Oh+ n

Define St~i, j ! as the expected time the nonanticipative SMP$ OZ~t!, t $ 0% spends
in state~i, j !+ Therefore,

St~i, j ! 5 E$ PS16 OZ0 5 ~i, j !%

5E
0

`

~12 OG~i, j !~x!! dx

5E
0

`

~12 Gij ~x!0Gij ~`!! dx+

Let Sp~i, j ! be the probability that, in steady-state, the nonanticipative SMP$ OZ~t!, t $
0% is state~i, j ! and is given by

Sp~i, j ! 5
St~i, j ! Tp~i, j !

(
k51

,

(
l51

,

St~k, l ! Tp~k, l !

+
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Subsequently, we need an expression forSt~i, j !pij 0 Sp~i, j !+ This is shown in the follow-
ing lemma+

Lemma 9:

St~i, j ! pij

Sp~i, j !
5

ti

pi

+ (80)

Proof:

St~i, j ! pij

Sp~i, j !
5
St~i, j ! pi pij

Sp~i, j ! pi

5
St~i, j ! Tp~i, j !

Sp~i, j ! pi

5
1

pi
(
k51

,

(
l51

,

St~k, l ! Tp~k, l !

5
1

pi
(
k51

,

(
l51

,

pk pklE
0

`

~12 Gkl ~x!0Gkl ~`!! dx

5
1

pi
(
k51

,

pkE
0

`

~12 Gk~x!! dx

5
1

pi
(
k51

,

pktk

5
ti

pi

+ n

Next, we give the proof of Theorem 1+

Proof of Theorem 1: From Eq+ ~65! for the nonanticipative SMP$ OZ~t!, t $ 0%,we
have

OC* 5

(
i51

,

(
j51

, Oh~i, j !

h~ Sr~i, j ! 2 c!
~ EOG~i, j !~2h~ Sr~i, j ! 2 c!! 2 1!

min
i, j : Sr~i, j !.c

inf
x 5 Oh~i, j ! St~i, j !

Sp~i, j !

E
x

`

eh~ Sr~i, j !2c!yd OG~i, j !~ y!

E
x

`

eh~ Sr~i, j !2c!xd OG~i, j !~ y! 6
+ (81)
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We substitute the expressionsOh~i, j !, Sr~i, j !, EOG~i, j !~{!, OG~i, j !~ y!, and St~i, j !pij 0 Sp~i, j ! from
Eqs+ ~79!, ~75!, ~76!, ~72!, and~80!, respectively, into Eq+ ~81! to get

OC* 5

(
i51

,

(
j51

, hi pij

h~ri 2 c!
~ EGij ~2h~ri 2 c!!0pij 2 1!

min
i, j :ri.c, pij .0

inf
x 5 hi ti

pi

E
x

`

eh~ri2c!ydGij ~ y!

E
x

`

eh~ri2c!xdGij ~ y! 6
5

(
i51

, hi

h~ri 2 c! S(
j51

,

~fij ~h!! 2 1D,
min

i, j :ri.c, pij .0
inf

x 5 hi e
2h~ri2c!xE

x

`

eh~ri2c!ydGij ~ y!

pi

ti
E

x

`

dGij ~ y! 6
5 C*+

Note that assumption~17! yields~67!+ Using a similar analysis forOC*, Theorem 1 is
proved+ n

5. MULTIPLEXING OF INDEPENDENT SOURCES

In this section we consider the model in Section 2+ As illustrated in Figure 1, there
areK independent sources, each modulated by an SMP$Zk~t!, t $ 0% on state space
$1,2, + + + ,,k%+ Fluid is generated from sourcek at rateri

k at timet when its modulating
SMP is in statei+ The kernel of the SMP modulating thekth input source isGk~x! 5
@Gij

k~x!# + The expected time thekth SMP spends in statei is ti
k+ The stationary dis-

tributions of thekth SMP$Zk~t!, t $ 0% and its underlying DTMC are, respectively,
pk andpk+We assume for stability and nontriviality that

(
k51

K

(
m51

,k

pm
k rm

k , c , sup
k,m

rm
k +

LetAk~t! be the total amount of fluid input from thekth source to the buffer over time
~0, t# , where

Ak~t! 5E
0

t

rZk~u!
k du+ (82)

Then the effective bandwidth of thekth source, ebk~{!, is given by

ebk~v! 5 lim
tr`

1

vt
log E$exp~vAk~t!!%+ (83)
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Let h be the smallest positive solution to

(
k51

K

ebk~h! 5 c+ (84)

As a first step we analyze a single source model where sourcek acts as the only
input source to an infinite-capacity buffer with output capacity

ck~h! 5 ebk~h! (85)

~see Fig+ 2!+ For this single source model, following the analysis in Section 4, for
each sourcek, we computeFk~h! andhk from Eqs+ ~10! and~13! as

fij
k~h! 5 E~eh~ri

k2ck~h!!S1
k
; Z1

k 5 j 6Z0
k 5 i !, (86)

hk 5 hkFk~h!+ (87)

Define

Pk~i, j ! 5 P$Z1
k 5 j 6Z0

k 5 i %+ (88)

Continuing with the single source model, we also define

H k 5 (
i51

,k hi
k

h~ri
k 2 ck~h!!S(

j51

,k

~fij
k~h!! 2 1D, (89)

Cmin
k ~i, j ! 5 inf

x 5 hi
ke2h~ri

k2ck~h!!xE
x

`

eh~ri
k2ck~h!!ydGij

k~ y!

pi
k

ti
k E

x

`

dGij
k~ y! 6 , (90)

and

Cmax
k ~i, j ! 5 sup

x 5 hi
ke2h~ri

k2ck~h!!xE
x

`

eh~ri
k2ck~h!!ydGij

k~ y!

pi
k

ti
k E

x

`

dGij
k~ y! 6 + (91)

Using these quantities, the bounds on the multiplexed traffic are given in the
following theorem+

Figure 2. Single source modification+
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Theorem 6: If Cmin
k ~i, j ! . 0 and Cmax

k ~i, j ! , ` for all i , j [ $1, + + + ,,k%, k [
$1, + + + ,K %, then the bounds on the limiting distribution of the buffer-content pro-
cess$X~t!, t $ 0% driven by K independent SMP sources are given by

C*e
2hx # P~X . x! # C*e2hx,

whereh is given by the solution to Eq+ ~84!,

C* 5

)
k51

K

H k

min
A )

k51

K

Cmin
k ~ik, jk!

,

C* 5

)
k51

K

H k

max
A )

k51

K

Cmax
k ~ik, jk!

,

and

A 5 H~i1, j1!,~i2, j2!, + + + ,~iK , jK ! :(
k51

K

rik
k . c and ∀k, Pk~ik, jk! . 0J +

(92)

Proof: We describe only a brief outline of the proof of the theorem by illustrating
the main steps of the proof, as most of the analysis is identical to the proof of Theo-
rem 1+

Step 1. The nonanticipative SMPs. For eachk [ @1,2, + + + ,K # , we first con-
struct an,k

2 state nonanticipative SMP$ OZk~t!, t $ 0% from the SMP$Zk~t!, t $ 0%
following the technique in Section 4+7+

Step 2. The reversed SMP. Next we construct the reversed SMP of
$ OZk~t!, t $ 0% as

Yk~s! 5 OZk~2s!+

Therefore,

P$X . x% 5 PHsup
t$0
E

0

tS(
k51

K

rYk~s!
k 2 cD ds. xJ +

Step 3. Markov process and its generator. We construct a Markov process
$W~t!, t $ 0% defined by

W~t! 5 ~Y1~t!,S1~t!,Y2~t!,S2~t!, + + + ,YK~t!,SK~t!!,
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whereSk~t! is the supplementary age process of$Yk~t!,2`, t ,`% ~as defined in
Section 3!+ Let Qk ~1# k # K ! be the full generator of$wk~t!% 5 $~Yk~t!,Sk~t!!% as
in Eq+ ~29!+

Step 4. Martingale M(t). Let h satisfy Eq+ ~84! and for thish let vk~i, x!
satisfy

v k~i, x! 5 @G k~x!uk # i ,

where

Gij
k~x! 5 E~eh~ri

k2ck~h!!~S1
k2x! ;Y1

k 5 j 6Y0
k 5 i,S1

k . x!

~see Eq+ ~28!! anduk is the right eigenvector satisfying

x k~h!uk 5 uk

with xij
k~h! 5 E~eh~ri

k2ck~h!!S1
k
; Y1

k 5 j 6Y0
k 5 i ! ~see Eq+ ~26!!+ Assume that

v k [ Cb~R1! and inf
x
v k~i, x! . 0+ (93)

Then we have~Qkv k!~i, x!52h~ri
k2c!v k~i, x! and, following Proposition 3+2

from Ethier and Kurtz@12# , we define exponential martingales by

M k~t! 5
v k~w~t!!

v k~i, x!
e

2hE
0

t

~Yk~s!2ck~h!! ds
, k 5 1, + + + ,K+

Since sources are independent, the process

M~t! 5 )
k51

K

M k~t! 5
v1~w1~t!! {{{ vK~wK~t!!

v1~i 1, x1 ! {{{ v~i K, xK !
e

2hE
0

t

(
k51

K

~Yk~s!2ck~h!! ds

5
v~W~t!!

v~i, x!
e

2hE
0

t

(
k51

K

~Yk~s!2ck~h!! ds

5
v~W~t!!

v~i, x!
e

2hE
0

tS (
k51

K

Yk~s!2cD ds

is a martingale, where v~i, x! 5 v~i 1, x1, + + + , i K, xK ! 5 )k51
K v k~i k, xk ! and i 5

~i 1, + + + , i K !, i k [ $1, + + + ,,k% andx 5 ~x1, + + + , xK ! [ R1
K +

Then we also construct a new probability space~V,F,$Ft %, EP! by

d EPt

dPt

5 M~t!+ (94)

Step 5. First passage time t (x ). Let

t~x! 5 inf Ht . 0 : E
0

tS(
k51

K

rYk~s!
k 2 cD ds. xJ + (95)
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From the above definition, we have,

Hsup
t$0
E

0

tS(
k51

K

rYk~s!
k 2 cD ds. xJ [ $t~x! , `%+

Hence,

PHsup
t$0
E

0

tS(
k51

K

rYk~s!
k 2 cD ds. xJ 5 P$t~x! , `%+

Then, by Eq+ ~94!,

P$t~x! , `% 5E
t~x!,`

dP

5 E
t~x!,`

@M~t~x!!#21d EP+

Lemma 4 yields that EErZk~`!
k . ck~h!+ Hence, EP~t~x! , `! 5 1 and then

P$t~x! , `% 5E
t~x!,`

v~W~0!!

v~W~t~x!!!
e2hxd EP

5 e2hx EEH v~W~0!!

v~W~t~x!!!
J , (96)

where EE is the expectation with respect toEP+ Define

pj
k 5 lim

nr`
P$Yn

k 5 j %

Aij
k 5 P$Y1

k 5 j 6P$Y0
k 5 i %

pi
k 5 lim

tr`
P$Yk~t! 5 i %

ti
k 5 E$S1

k6Y0
k 5 i %

bi
k 5

pi
k

ti
kh~ri

k 2 ck !
+

Next, we bound

EEH v~W~0!!

v~W~t~x!!!
J 5 v~W~0!! EEH 1

v~W~t~x!!!
J

5 )
k51

K

(
jk51

,k
2

E
0

`

v k~ j k, yk !pjk
k~ yk! dyk EEH 1

v~W~t~x!!!
J

5 )
k51

k

bk~I 2 Ak !uk EEH 1

v~W~t~x!!!
J +
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At time t~x!, the W~t! process can only be in states~i1,s1, i2,s2, + + + , iK ,sK ! that
satisfy(k51

K rik
k . c+ Hence, we have

EEH 1

v~W~t~x!!!
J #

1

min
i1, i2, + + + , iK :(

k51

K

rik
k.c

)
k51

k

$inf
x
vk~i k, x!%

and

EEH 1

v~W~t~x!!!
J $

1

max
i1, i2, + + + , iK :(

k51

K

rik
k.c

)
k51

k

$sup
x
vk~i k, x!%

+

Therefore the bounds on Eq+ ~96! are

L*e
2hx # P$t~x! , `% # L*e2hx, (97)

where

L* 5

)
k51

K

bk~I 2 Ak !uk

min
i1, i2, + + + , iK :(

k51

K

rik
k.c

)
k51

K

$inf
x
vk~i k, x!%

L* 5

)
k51

K

bk~I 2 Ak !uk

max
i1, i2, + + + , iK :(

k51

K

rik
k.c

)
k51

K

$sup
x
vk~i k, x!%

+

Step 6. Original process. Next we rewriteL* andL* in terms of the,k
2 state

SMPs$ OZk~t!, t $ 0% ~for all k [ $1,2, + + + ,K # !+ Finally,we convert the expressions to
those of the original,k state SMPs$Zk~t!, t $ 0% and obtainC*,C*, and Eq+ ~92! of
Theorem 6+Note that condition~93! put on the functionsv k~i, x! is equivalent to the
condition thatL* . 0 andL* , `, that is, thatC* . 0 andC* , `, which follows
from the assumptions of Theorem 6+ n

6. COMPUTATION OF C* AND C*

In this section we address two concerns while using Theorem 1 in Section 4:

• how to computeh in Eq+ ~12!, henceh in Eq+ ~13!
• how to computeCmax~i, j ! andCmin~i, j ! in Eqs+ ~15! and~16!, respectively+
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6.1. Computation of h and h

To computeh, we have to solve Eq+ ~12!+ In terms of the effective bandwidth of the
source, it is the same as solving forh in

eb~h! 5 c (98)

whenevere~F~v!! 5 1 has a solution~see Gautam@13# !+ Also, condition ~17! is
satisfied whenevere~F~v!! 51 has a solution+ Therefore, the easiest way to calcu-
lateh is to use Eq+ ~98!+ Since a semi-Markov process is a special case of a Markov
regenerative process~MRGP!, to compute the effective bandwidth of a source mod-
ulated by an SMP we use the results from Kulkarni@18# +

The eigenvectorh is obtained by solving

hF~h! 5 h+

Note: An interesting scenario that arises in practical situations is the case when
e~F~v!! 5 1 has no solutions+ This is also the case when condition~17! is not sat-
isfied+We do not address this issue in this paper; however, we will publish a tech-
nique to get around this scenario in a forthcoming paper+

6.2. Computation of Cmax and Cmin

Consider a nonnegative random variableYwith distributionGij ~x!0Gij ~`! and density

gij ~x! 5
dGij ~x!

dx

1

Gij ~`!
+

The failure rate function ofY is defined by

l ij ~x! 5
gij ~x!

12
Gij ~x!

Gij ~`!

+ (99)

Y is said to be an increasing failure rate~IFR! random variable if

l ij ~x! F x

andY is said to be a decreasing failure rate~DFR! random variable if

l ij ~x! f x+

It is possible to obtain closed form algebraic expressions forCmax~i, j ! and
Cmin~i, j ! in Eqs+ ~15! and~16!, respectively, if a random variableYwith distribution
Gij ~x!0Gij ~`! is an IFR or DFR random variable+ The following theorem describes
how to computeCmax~i, j ! andCmin~i, j ! in those cases+ Let x* andx* be such that
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x* 5 arg sup
x 5 hiE

x

`

eh~ri2c!ydGij ~ y!

pi

ti

eh~ri2c!xE
x

`

dGij ~ y! 6 (100)

and

x* 5 arg inf
x 5 hiE

x

`

eh~ri2c!ydGij ~ y!

pi

ti

eh~ri2c!xE
x

`

dGij ~ y! 6 + (101)

Theorem 7: If Y is IFR or DFR, thenCmax~i, j ! andCmin~i, j ! in Eqs+ ~15! and~16!,
respectively, occur at xvalues given by the following table:

IFR DFR

ri . c ri # c ri . c ri # c

x* 0 ` ` 0
Cmax~i, j ! fij ~2h~ri 2 c!!ti hi

pij pi

ti hi l ij ~`!

pi ~l ij ~`! 2 h~ri 2 c!!

ti hi l ij ~`!

pi ~l ij ~`! 2 h~ri 2 c!!

fij ~2h~ri 2 c!!ti hi

pij pi

x* ` 0 0 `
Cmin~i, j ! ti hi l ij ~`!

pi ~l ij ~`! 2 h~ri 2 c!!

fij ~2h~ri 2 c!!ti hi

pij pi

fij ~2h~ri 2 c!!ti hi

pij pi

ti hi l ij ~`!

pi ~l ij ~`! 2 h~ri 2 c!!

where

l ij ~`! 5 lim
xr`

l ij ~x!+

Proof: Let Yt be the remaining life associated with the random variableY+ ThenYt

will have distributionGij
t ~a! given by

12 Gij
t ~a! 5 P$Yt . a%

5 P$Y2 t . a6Y . t%+

It is known~Ross@29# ! that if Y is IFR ~DFR!, thenYt is stochastically decreasing
~increasing! in t, henceE @ f ~Yt !# is decreasing~increasing! in t for all increasing
functionsf+ Therefore, if Y is IFR ~DFR! andri . c, then

E~eh~ri2c!@Y2x# 6Y . x! 5

e2h~ri2c!xE
x

`

eh~ri2c!ydGij ~ y!

E
x

`

dGij ~ y!
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is decreasing~increasing! in x+ Similarly, if Y is IFR~DFR!, thenYt is stochastically
decreasing~increasing! in t, henceE @ f ~Yt !# is increasing~decreasing! in t for all
decreasing functionsf+ Therefore, if Y is IFR ~DFR! andri # c, then

E~eh~ri2c!@Y2x# 6Y . x! 5

e2h~ri2c!xE
x

`

eh~ri2c!ydGij ~ y!

E
x

`

dGij ~ y!

is increasing~decreasing! in x+ Note that

lim
xr05 hiE

x

`

eh~ri2c!ydGij ~ y!

pi

ti

eh~ri2c!xE
x

`

dGij ~ y! 6 5
Efij ~2h~ri 2 c!!ti hi

pij pi

and using L’Hospital’s Rule we show that

lim
xr`5 hiE

x

`

eh~ri2c!ydGij ~ y!

pi

ti

eh~ri2c!xE
x

`

dGij ~ y! 6
5 lim

xr`5 2eh~ri2c!x
dGij ~x!

dx

hi ti

pi

2eh~ri2c!x
dGij ~x!

dx
1 h~ri 2 c!eh~ri2c!x~Gij ~`! 2 Gij ~x!!

6
5

hi ti

pi

lim
xr`H pij gij ~x!

pij gij ~x! 2 h~ri 2 c!~ pij 2 Gij ~x!!J
5

ti hi l ij ~`!

pi ~l ij ~`! 2 h~ri 2 c!!
+

Hence, the result follows+ n

If Y is not an IFR or DFR random variable, thenx*, x*, Cmax~i, j !, andCmin~i, j !
can be obtained only numerically+

7. EXAMPLES

7.1. General On-Off Source

Consider a source modulated by a two-state~on and off! process that alternates
between on and off states+ The random amount of time the process spends in the on
state~calledon-times! has cdfU~{! with meantU and the correspondingoff-timecdf

FLUID MODELS DRIVEN BY SEMI-MARKOV INPUTS 463



is D~{! with meantD+ The successive on- and off-times are independent and on-
times are independent of off-times+ Fluid is generated continuously at rater during
the on state and at rate 0 during the off state+A source modulated by such a two-state
~on-off! process is called ageneral on-off source with on-time distribution U~{!,
off-time distribution D~{!, and~ peak! rate r+

Consider a general on-off source with on-time distributionU~{!, off-time dis-
tribution D~{!, and rater that inputs traffic into an infinite-capacity buffer+ The
output capacity of the buffer is a constantc+ Assume

rtU

tU 1 tD

, c , r+

Equation~11! reduces to

F~v! 5 F 0 ED~vc!

EU~2v~r 2 c!! 0 G,
where EU~{! and ED~{! are the Laplace Stieltjes transforms~LSTs! of U~t! andD~t!,
respectively+ In this subsection, we assume thate~F~h!! 5 1 has a solution and it
implies that

e~F~h!! 5 % EU~2h~r 2 c!! ED~hc! 5 1

can be solved+ Hence, h is the smallest real-positive solution to

EU~2h~r 2 c!! ED~hc! 5 1+

Also, Eq+ ~13! reduces to

h 5 @1 ED~hc!# +

Furthermore, from Eqs+ ~14!, ~16!, and~15!, we get

H 5
~12 ED~hc!!r

c~r 2 c!
,

Cmin 5 3 0 infx 5 ~tU 1 tD!E
x

`

e2hc~ y2x! dD~ y!

12 D~x!
6

infx
5 ED~hc!

~tU 1 tD!E
x

`

eh~r2c!~ y2x!dU~ y!

12 U~x!
6 0

4
and

Cmax 5 3 0 supx 5 ~tU 1 tD!E
x

`

e2hc~ y2x! dD~ y!

12 D~x!
6

supx
5 ED~hc!

~tU 1 tD!E
x

`

eh~r2c!~ y2x! dU~ y!

12 U~x!
6 0

4 +
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From Theorem 1, we can derive that

C*e
2hx # P$X . x% # C*e2hx, (102)

where

C* 5
EU~2h~r 2 c!! 2 1

tU 1 tD

r

c~r 2 c!h infx
5 Ex

`

eh~r2c!~ y2x! dU~ y!

12 U~x!
6

(103)

and

C* 5
EU~2h~r 2 c!! 2 1

tU 1 tD

r

c~r 2 c!h supx
5 Ex

`

eh~r2c!~ y2x! dU~ y!

12 U~x!
6
+ (104)

If U~{! is IFR0DFR, the supremums and the infimums in the above equations can be
obtained from Theorem 7 in Section 6+2+

7.2. Erlang On-Off Source

Consider the special case of the general on-off source in Section 7+1 with Erlang-
~NU ,a! on-time distribution, Erlang~ND,b! off-time distribution, and rater+ Note
thattU 5 NU 0a andtD 5 ND0b+ Equation~11! reduces to

F~v! 5 F 0 ED~vc!

EU~2v~r 2 c!! 0 G5 3 0 S b

b 1 vcD
ND

S a

a 2 v~r 2 c!
DNU

0 4 +
It is possible to show thate~F~v!!51 always has a solution+Hence, h is obtained by
solving

e~F~h!! 5 % EU~2h~r 2 c!! ED~hc! 5 1

and

h 5 F1S b

b 1 hc
DNDG+

Using the fact that theErlang random variable has an increasing hazard rate func-
tion, from Theorem 7 in Section 6+2, we see that

Cmin 5 3 0 ~NU 0a 1 ND 0b!S b

b 1 hc
DND

S b

b 1 hc
DND

~NU 0a 1 ND 0b!
a

a 2 h~r 2 c!
0 4
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and

Cmax 5 3 0 ~NU 0a 1 ND 0b!
b

b 1 hc

S b

b 1 hc
DND

~NU 0a 1 ND 0b!S a

a 2 h~r 2 c!
DNU

0 4 +
Using Theorem 1, we have

C*e
2hx # P$X . x% # C*e2hx, (105)

where

C* 5

S a

a 2 h~r 2 c!
DNU

2 1

tU 1 tD

r

c~r 2 c!hH a

a 2 h~r 2 c!
J (106)

and

C* 5

S a

a 2 h~r 2 c!
DNU

2 1

tU 1 tD

r

c~r 2 c!hHS a

a 2 h~r 2 c!
DNU J + (107)

Consider a numerical example of an Erlang on-off source with on-time distri-
butionErlang~NU ,a! and off-time distributionErlang~ND,b!+ Let r 5 15, c 5 10,
tU 5 1

70
_, andtD 5 1

30
_+We keep the means constant~i+e+, tU andtD are held constant!

but decrease the variances by increasingNU andND+ In Figure 3 we illustrate for four
pairs of ~NU ,ND!, ~namely, ~1,1!, ~4,3!, ~9,8!, and ~16,14!!, the logarithm of the
upper and lower bounds on the limiting distribution of the buffer-content process+

From the figure we notice that, as the variance decreases, the bounds move
further apart+Also note thatC* increases with decrease in variance andC* decreases
with decrease in variance+ Sinceh increases with decrease in variance, the tail of the
limiting distribution rapidly goes to zero+

Remark: Let NU r `, a r ` such thatNU 0a 5 tU , a finite positive number and
ND r `, b r ` such thatND0b 5 tD, a finite positive number+ Such a source is a
deterministic on-off source with on-timestU and off-timestD+ The upper and lower
bounds for this limiting case of an Erlang on-off source is illustrated in Figure 4+

In Figure 5, we demonstrate the exact probabilitiesP~X . x! for different c
values increasing fromrtU 0~tU 1 tD! to r+ We compare these exact probabilities
with the bounds obtained by limiting case of the Erlang distribution+ Thex* values
in Figures 4 and 5 are identical; hence, we can conclude that the limiting case of the
Erlang distribution does produce bounds that make sense for the deterministic on-off
source+
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7.3. Tandem Buffers—Single Source

In this section, an exponential on-off source with on-time parametera, off-time
parameterb, and rater inputs traffic to an infinite-capacity buffer with output ca-

Figure 3. Logarithm of the upper and lower bounds as a function ofx+

Figure 4. Logarithm of the bounds as a function ofx for the limiting case+
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pacity c1+ The output from the buffer acts as an input to another infinite-capacity
buffer whose output capacity isc2+

The effective bandwidth of the exponential on-off source is

eb~v! 5
rv2 a 2 b 1 % ~rv2 a 2 b!2 1 4brv

2v
+ (108)

Assume

rb0~a 1 b! , c2 , c1 , r+

We study the buffer-content processes of the respective buffers$X1~t!, t $ 0% and
$X2~t!, t $ 0%+ See Figure 6 for an illustration of the model+

For the exponential on-off source we have

P$X1 . x% 5
rb

c1~a 1 b!
e2h1x, (109)

where

h1 5
c1a 1 c1b 2 br

c1~r 2 c1!
+

Figure 5. The deterministic on-off source probabilities and bounds+

Figure 6. Exponential on-off input to buffers in tandem+
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Using the analysis in Narayanan@23# , we model the output process from the
first buffer as an alternating renewal process+ Thus, the input source to the second
buffer can be modeled as a general on-off source with an on-time distributionU~t!
~with meanr0~c1~a 1 b! 2 rb!!, off-time distributionD~t! ~with mean 10b!, and
ratec1, where

U~t! 5 Sa2
2a3

2a1
D(

k50

` FS a2

2a1
D2k ~2k!!

k!~k 1 1!! GF12 (
n50

2k Se2a1 t0r ~a1 t0r !n

n! DG , (110)

with a1 5 br 2 bc1 1 ac1, a2 5 %4abc1~r 2 c1!, a3 5 10~2b~r 2 c1!!, and

D~t! 5 12 e2bt+

The LST of the distributionU~{! is

EU~w! 5 Hw 1 b 1 c1s0~w!

b
if w $ w*

` otherwise,

where w* 5 ~2%c1ab~r 2 c1! 2 rb 2 c1a 2 c1b!0r , s0~w! 5 ~2b 2

%b2 1 4w~w 1 a 1 b!c1~r 2 c1!!0~2c1~r 2 c1!! and b 5 ~r 2 2c1!w 1
~r 2 c1!b 2 c1a+ The LST of the distributionD~{! is

ED~w! 5 H b

b 1 w
if w . 2b

` otherwise+

From Kulkarni and Gautam@19# we have the effective bandwidth of this general
on-off source, eb2~v!, given by

eb2~v! 5 Heb1~v! if 0 # v# v*

~eb1~v* ! 2 c1!
v*

v
1 c1 if v . v*,

where

v* 5
b

r S! c1a

b~r 2 c1!
2 1D1

a

r S12 !b~r 2 c1!

c1a D (111)

andeb1~v! is from Eq+ ~108!+ Note thath2 is obtained by solving

eb2~h2! 5 c2+

If h2 # v*, we have,

F~h2! 5 F 0 ED~h2c2!

EU~2h2~c1 2 c2!! 0 G ,
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ande~F~h2!!51 ~note that ifh2 . v*, thene~F~h2!!51 has no solutions!+Then we
obtainh2 by solving

@1 h2#F~h2! 5 @1 h2#

ash2 5 ED~h2c2!+
Intuitively, a random variable with the distributionU~t! ~of Eq+ ~110!! is a

Decreasing Failure Rate random variable~sinceU~t! represents the busy period
distribution!+ The intuition can be verified~after a lot of algebra! using the expres-
sion forU~t! in Eq+ ~110!+

Using Theorem 1, the steady-state distribution of the buffer-content process
$X2~t!, t $ 0% is bounded as

C2*e
2h2x # P~X2 . x! # C2

*e2h2x,

where

C2
* 5

ED~h2c2! 2 1

2h2c2

1
EU~2h2~c1 2 c2!! 2 1

h2~c1 2 c2!
h2

h2c1~a 1 b!

b~c1~a 1 b! 2 rb!
lim
xr`5 Ex

`

eh2~c12c2!ydU~ y!

E
x

`

eh2~c12c2!xdU~ y! 6
, (112)

C2* 5

ED~h2c2! 2 1

2h2c2

1
EU~2h2~c1 2 c2!! 2 1

h2~c1 2 c2!
h2

h2c1~a 1 b!

b~c1~a 1 b! 2 rb!
EU~2h2~c1 2 c2!!

+ (113)

7.4. Tandem Buffers—Markov Modulated On-Off Sources

Consider the tandem buffers model in Figure 7+ Input to the first buffer is fromN
independent and identical exponential on-off sources with on-time parametera,
off-time parameterb, and rater+ The output from buffer 1 is directly fed into buffer
2+ The output capacities of buffer 1 and 2 arec1 andc2, respectively+We study the
limiting distributions of the contents of the two buffers+

Figure 7. Tandem buffers model with multiple sources+
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Buffer 1: LetZ1~t! be the number of sources that are in the on state at timet+Clearly,
$Z1~t!, t $ 0% is an SMP~more specifically, a CTMC!+ Assume

Nrb

a 1 b
, c1 , Nr+

We can show that~Gautam@13# ! F~d! is given by

fij ~d! 5 5
ia

ia 1 ~N 2 i !b 2 ~ir 2 c1!d
if j 5 i 2 1

~N 2 i !b

ia 1 ~N 2 i !b 2 ~ir 2 c1!d
if j 5 i 1 1

0 otherwise,

ande~F~d!! 5 1 always has solutions+ Using the expression foreb~v! in Eq+ ~108!
and solving forh1 in N eb~h1! 5 c1 we get

h1 5
N~c1a 1 c1b 2 Nbr !

c1~Nr 2 c1!
+

The eigenvectors are obtained by solving

h 5 hF~h1!+

The limiting distribution of the buffer-content process$X1~t!t $ 0% is given by

C1*e
2h1x # P$X1 . x% # C1

*e2h1x,

where

C1
* 5

(
i50

N hi

h1~ir 2 c1! S(
j50

N

~fij ~h1!! 2 1D
min

i :ir.c1

hi

pi

1

ia 1 ~N 2 i !b 2 h1~ir 2 c1!

,

C1* 5

(
i50

N hi

h1~ir 2 c1! S(
j50

N

~fij ~h1!! 2 1D
max
i :ir.c1

hi

pi

1

ia 1 ~N 2 i !b 2 h1~ir 2 c1!

,

and

pi 5
ai ti

(
m50

N

amtm

5
N!

i!~N 2 i !!

aN2ib i

~a 1 b!N +
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Buffer 2: Let M 5 [c10r]+ Define

Z2~t! 5 HZ1~t! if X1~t! 5 0

M if X1~t! . 0,
(114)

whereZ1~t! is the number of sources on at timet+ Let R1~t! be the output rate from
the first buffer at timet+We assume that

Nrb

a 1 b
, c2 , c1+

We can see that the$Z2~t!, t $ 0% process is an SMP on state space$0,1, + + + ,M % with
kernel

G~t! 5 @Gij ~t!#

derived below+ For i 5 0,1, + + + ,M 2 1 andj 5 0,1, + + + ,M, let

Gij ~t! 5 5
ia

ia 1 ~N 2 i !b
~12 exp$2~ia 1 ~N 2 i !b!t%! if j 5 i 2 1

~N 2 i !b

ia 1 ~N 2 i !b
~12 exp$2~ia 1 ~N 2 i !b!t%! if j 5 i 1 1

0 otherwise+

To describeGMj ~t!,we need to define the first passage time in$X1~t!, t $ 0% process
as follows:

T 5 min$t . 0 :X1~t! 5 0%+

Then, for j 5 0,1, + + + ,M 2 1, we have

GMj ~t! 5 P$T # t,Z1~T ! 5 j 6X1~0! 5 0,Z1~0! 5 M %+

Note thatGMM~t! 5 0+ The Laplace–Stieltjes transform~LST! of GMj ~t! can be
computed using the analysis in Narayanan and Kulkarni@24# + See Gautam@13# for
a detailed derivation+

From Kulkarni and Gautam@19# we have the effective bandwidth of the output
from Buffer 1, eb2~v!, given by

eb2~v! 5 HN eb1~v! if 0 # v# v*

~N eb1~v* ! 2 c!
v*

v
1 c if v . v*,

whereeb1~v! is from Eq+ ~108! and

v* 5
b

r S! c1a

b~Nr 2 c1!
2 1D1

a

r S12 !b~Nr 2 c1!

c1a D+ (115)
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Hence, solving

eb2~h2! 5 c2,

we get

h2 5 minH N~c2a 1 c2 b 2 Nbr !

c2~Nr 2 c2!
,
h~v* ! 2 c1v*

c2 2 c1
J ,

where

h~v* ! 5
~rv* 2 a 2 b 1 % ~rv* 2 a 2 b!2 1 4brv* !N

2
+ (116)

If h2 # v*, then

fij ~h2! 5 H EGij ~2h2~ir 2 c2!! if 0 # i # M 2 1,
EGij ~2h2~c1 2 c2!! if i 5 M,

ande~F~h2!! 5 1+We obtainh by solving

hF~h2! 5 h+

It can be shown that the random variables associated with the distribution
GMj ~x!0GMj ~`! have a decreasing failure rate+ Hence, from Theorem 7, Cmin~M, j !
andCmax~M, j ! occur atx 5` andx 5 0, respectively+ Thus, using Theorem 1, we
can find bounds for the steady-state distribution of the buffer-content process
$X2~t!, t $ 0%+

In Figure 8 we illustrate the upper and lower bounds on the limiting distribution
of the buffer-content process

lim
tr`

P$X2~t! . x% 5 P$X2 . x%

for a numerical example witha 5 1, b 5 0+3, r 5 1, c1 5 13+22, c2 5 10+71, and
N 5 16+

In a forthcoming paper,we will discuss the caseh2 . v* ~whene~F~v!! 51 has
no solutions! and use the results to solve Quality of Service problems in multipri-
ority networks+

8. CONCLUSIONS AND EXTENSIONS

In this paper we have derived upper and lower bounds on the steady-state distribu-
tion of the buffer-content process~with constant output capacity! whose input is
modulated by a single SMP+ Unlike the effective-bandwidth approximation, where
the results are valid only in the asymptotic case of large buffers and small tail prob-
abilities, the SMP bounds are valid for all buffer sizes and tail probabilities+We have
also illustrated how to compute the SMP bounds and obtain closed form algebraic
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expressions for certain special cases, as well as reported the results~upper and lower
bounds! using several examples+

We have derived the bounds for the buffer-content process when the input to
the buffer is generated from several sources, each modulated by an independent
SMP+ Since the result is very similar to the single SMP source, we do not go into
the details of the proof of the theorem+ We conclude, however, that the only sig-
nificant difference is the minimization or the maximization being done over a
slightly different set+ We consider examples and applications of Theorem 6 in
detail in a few other papers dealing with multiplexing multiclass traffic in high-
speed telecommunication networks+

It may be possible to extend the SMP bounds result to more general sources
like MRGP sources and general Markovian sources, and with time-varying output
capacities+

We also believe thatP~X . x! ; Ce2hx for some constantC . 0 ~perhaps under
the mild conditions!; however, this problem for more than one stream seems to be
very difficult+ In fact, we think thatW~t~x!! D

&& W0 for some variableW0+ Then,
from Eq+ ~96! and the fact that functionv is bounded and continuous, we would
obtain the needed assertion+
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