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Methods with polyhedral localization sets

Several methods work with localization sets in form of a polytope:

Ek:{xe]R”:aJTXSbj,j:L...,mk}.

» Inscribed Ellipsoid Method: yy is chosen as the center of the
maximal ellipsoid inscribed in Ej.

» Analytic Center Method: yj is chosen as the minimum of the

my
analytic barrier Fi(x) = — > In(bj — aij).
j=1

» Volumetric Center Method: yy is chosen as the minimum of
the volumetric barrier Vi (x) = In(det(F, (x))), where Fi(x) is
the analytic barrier for the set Ej.

All these methods are polynomial with complexity bound n(In )P

with p =1 or 2. However, the complexity of each iteration is n3 to

n* arithmetic operations, with yj being computed using interior

point methods. 216

Model of nonsmooth function

» Subgradient and ellipsoid methods are known to perform
according to their theoretical bounds even on simple problems,
and we cannot expect a much better performance on specific
problems.

» Some more flexible schemes are based on the notion of a
model of nonsmooth function.

Definition
Let X = {xx : k > 0} be a sequence in Q. Then the function

rA‘k(X; x) = o??g)(k[f(xi) + g(x,-)T(x —x1)],

where g(x;) € 9f(x;), is called the model of the convex function f
corresponding to the sequence X.

Model of nonsmooth function

(X x) = max [f(x;) +8(x) T (x = xi)].
» (X;x) is a piece-wise linear function of x and
f(x) > R(X; x) for all x € R".
» For all test points x;, 0 < i < k, we have
f(x) = ?k(X;x,-), g(x) € a?k(X;x,-).
» The next model is always better than the previous one:

Fip1(X; x) > B(X; x) for all x € R".

» Model % (X;x) represents the complete information on
function f accumulated after k calls of the oracle.




Kelley method

0. Choose xg € Q.
1. k-th iteration (k > 0):
Find x,11 € arg mig i (X; x).
X€

» The auxiliary problem mig ?k(X; x) can be easily solved using
X€
linear programming.
» However, the method is still impractical due to its instability:

» The solution of the auxiliary problem may not be unique.
> the set arg miS f«(X; x) can be unstable with respect to small
x€

variations of data {(f(x;),g(x))}.
» This feature can be used to construct problem instances where
the Kelly method has a very poor lower complexity bound.

Kelley method
Example
For the problem min f(y,x) with
(yx)e@
f(y,x) = max{lyl, HXHQ}’v yERxeR",
Q={z=(y,x):y* +x|* <1}

the following lower bound can be established for the Kelley method:

A
Flxe) — F* > (Z) .

Thus, to get an e-solution we need at least

In% 2 1t
2In2 |3

calls of the oracle. 6/16

Level method

Denote by
?; = mig #i(X; x) — the minimal value of the model,
Xe
ff = min f(x;) — the record value of the model.
0<i<k
We have

Fe <<
For some « € (0, 1), denote by
l(a) = (1—a)f + aff
and consider the level set
Li(a) ={x € Q: fi(X;x) < ()},

Then Li(a) is a closed convex set.

Level method

> Note that inside £, («) there are no test points of the current
model.

> Thus, by selecting xx41 in Lx(a), we obtain a new record
value of the model and

[,k+1(()t) C ,Ck(a).

> Unlike arg mig Fi(X; x), the set Ly(c) is stable with respect
S

to small variations in the data.




Level method

0. Choose a point xg € Q, accuracy € > 0 and the level
coefficient a € (0, 1).
1. k-th iteration (k > 0):
(a) Compute f‘k* and f.
(b) If £ — < ¢, then STOP.
(C) Set xk+1 = Wﬂk(a)(xk)-

Level method

The most expensive steps in the level are computing ?k* and
Tz, (a)(Xk). If Q is a polytope, then they can be computed by
solving the following LP and convex QP, respectively:

)A‘k* = min t
st f(x)+g(x)T(x—x)<t i=0,... k
x € Q.
Ty (k) = minlx — x|
st f(x)+g(x)T(x—x) < I(a), i=0,... k,

x € Q.

Both problems can be solved in polynomial time.
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Level method

» The optimal values of the model increase, and the record
values decrease:

fe <y <P <frg <A
» Denote by Ay = [f;, fi] and & = i — . Then
Ay € Ay and §pqy < I

We call §, the gap of the model #(X;x).
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Level method

Lemma (3.3.1)

Assume that for some p > k we have §, > (1 — a)d,. Then for all
ik <i<p, we have
li(e) = f5.

Proof.

Recall that 6, = £ — £ and k41 < di.

For any i,k <i < p, we have §p, > (1 — a)dx > (1 — a)d;.
Therefore,

li(a) = £ —(1=a)§ > f5 —(1—a)d; = Ff + 6, — (1 —a)s; > f.

O
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Level method Level method

Let Lemma (3.3.3)
Mr = max{||g|| : g € Of(x),x € Q}. Let diam(Q) < D. If for some p > k we have §, > (1 — a)dy, then
Lemma (3.3.2 M2 D?
( ) p+1—-k< fizz
For the sequence {xx} generated by the level set method we have Proof (1-a)?62
I Xk+1 — Xkl > 4( @)dk Let x; € argineig rA’k(X;x). Then for all i,k < i < p, we have
LA =T FX:x0) < B(XGx) = B < li(a).
Applying the inequality ||x — 7s(x0)[|? < ||x — x0||? — ||7s(x0) — Xo|? with
Proof. Xo = X, x = x5 and S = L(), we obtain
Since xk+1 € Li(a) = Hi(X; xk+1) < Ik(a), we have xics —x312 < llxi = x5 112 = llxien — xill?
< L X2 (1*‘12)25,2 < L X2 (1*&2)25,2,.
Fow) — (1= ) > f — (1 - )3k = h(e) S Sl L B
> B(Xxg1) = Fx) + g(xk)T(Xk+1 — Xk) Summing up these inequalities for i = k, ..., p, we get
2 f(Xk)— MfHXk+1 —Xk”. 11—« 2(52
(o410 < o < 02
13/16 14/16
Level method Level method
Theorem (3.3.1) M2D2
Let diam(Q) = D. Then the level method needs at most = Za(l = ;)2(2 — a)J +

M?Dz J H ., * *
— | M _fr < . .
N L%(lfa)z(%a) +1 iterations to guarantee fi' — f* < ¢. We can obtain the optimal value of the level parameter a by

Proof. solving the following problem:
Assume that f; — f* > ¢. Then 8 = f¥ — i > f — f* > . Let

(N,...,0} = I(0) UI(1)U--- U I(m), where max a(1-a)’(2—a) = max (1-a)*(1—(1-a)?) = max (1)

a€0,1] a€l0,1] ~€[0,1]
o0 = MDD ke yiekding 7 = (1= 0" = 1/2, e o =1 35
Skgy < ﬁ(spu) < Ok()+1 = Op(it1)- Hence, with a =1 — % we have
Then for j > 0 we have 6p(;41) > fZU(L > ui"% > gy Thus, N < %M?—Dz.
) = p) + 1 K0) < f”j)gzgm < D (1) ‘

> Note that f; — ff <e=ff —f* <ff — f* <e
and N = i”: n(j) < FQM,{D; ) i(l —a)¥ < o 7(11\2/731372 S— » For most real-life optimization problems, the accuracy
j=0 =" et € € [107%,1074] is achieved after N € [3n, 4n] iterations.
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