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Introduction
We consider the following problem:
min {f5(x) : f(x) < 0,j =1,....m},
xeR"

where all functions involved are convex.

> All numerical methods we considered so far are based on the
black-box concept.

» We only used some information on the functional components
of the problem at some test points.

» Even though the developed numerical methods assume
convexity, the only time we pay attention to the structure of
the function (i.e., convexity) is before we apply a numerical
method.

» Can we utilize the structural information in numerical
schemes?

Introduction

A common problem-solving process:
1. Find a class of problems that can be solved efficiently using a
particular method.

2. Describe the transformation rules for reducing a given problem
to a problem from the above class.

3. Describe the class of problems for which these transformation
rules are applicable.

With respect to the considered optimization problem, our goals are

» To derive a family of special convex functions, the
self-concordant functions and self-concordant barriers, which
can be efficiently minimized using the Newton method.

> To develop a technique for transforming our original problem
into its barrier model.

Newton method revisited

Newton method: Xk+1 = Xk — [f”(xk)]ilfl(xk)

How does the Newton method behave when we apply an affine
transformation?
For a nondegenerate n x n-matrix A, consider the function

(y) = f(Ay).

Lemma (4.1.1, Affine invariance of the Newton method)

In addition to the sequence {xx : k > 0} generated by the Newton
method for f, consider the sequence {yx : k > 0} generated by the
Newton's method for ¢:

Vi1 = vk — [¢" ()] 720 (vi), k>0,

with yo = A~1xg. Then y, = A™1x for all k > 0.




Newton method revisited

Theorem (1.2.5, Local convergence of Newton method)
Consider the problem m]iR? f(x) and assume that
xER"

2,2 .
1. fe Gy (R,
2. There exists a local minimum x* of f with positive definite
Hessian: f"(x*) = Ill,, | > 0;
; : ; . 2/
3. Our starting point xp is close enough to x*: ||xo — x*|| < 53;-
Then ||xx — x*|| < 32—,\’” for all k and the Newton method converges

quadratically:

k|2
||Xk+1 _ X*” < M”Xk X ” .
2(1 = Mlpxc — x*1)

Newton method revisited

> If we choose a new basis in R”, then all objects in our
description will change, including the region of the quadratic
convergence (which is defined by the standard inner product).

» However, the Newton method is affine invariant with respect
to affine transformation of variables. Thus, its real region of
quadratic convergence does not depend on a particular inner
product - it depends only on the local topological properties
of f(x).

» Can we modify our assumptions to correct this inconsistency?

Newton method revisited

Consider the Lipschitz continuity of the Hessian:
[£7(x) = £" W)l < Mllx = yll, ¥x,y € R".

Assuming that f € C3(R"), denote by

P[] = fim S[F"(x + aw) — F/(x)]

a—0

the 3-rd directional derivative of f along the direction u (this is an
n x n-matrix). Then we have

1 COlulll < Mull,
therefore, for any x € R":

v ) [ulv < Miul - [|v?.

Newton method revisited

If v = u, then
v () ulv < MJul| - [|v].
becomes

u £ (x)[ulu < M]|ul?.

> The left-hand side is affine-invariant with respect to x (will
show later);

» The right-hand side does not depend on x.

> We will replace the standard norm || - || with an
affine-invariant norm defined by the Hessian f”(x):

ull ey = (uT £ (x)u)/2.

» This leads to the definition of self-concordant functions.




Defining self-concordant functions
Consider a closed convex function f(x) € C3(dom f) with open
domain. For a point x € dom f and a direction u € R", consider
the function
o(x; t) = f(x + tu)

as a function of t € dom ¢(x;-) C R. Denote by

DfF(x)[u] = ¢'(x0) = f()7u,

Df(x)u,u] = ¢"(x0) = uF(x)u=|lul}
D3f(x)[u,u,u] = ¢"(x;0) uT £ (x)[u]u.

(recall that f"'(x)[u] = ‘1@0 LI (x + au) = F(x)]).

Definition (Self-concordant function)

We call function f self-concordant if there exists a constant
Mg > 0 such that the inequality

D (x)[u, u, u] < Mel|ullPuiy (& D*F(x)[u, u, u] < (D?F(x)[u, u])*?)

holds for any x € dom f and u € R". o7

Defining self-concordant functions

An equivalent definition of self-concordant functions (useful for
establishing properties of self-concordant functions) is given by the
following lemma:

Lemma (4.1.2)

A function f is self-concordant if and only if for any x € dom f
and any uj, up, u3 € R" we have

3

|D3f(x)[ur, ua, us]] < My [ ] lluill -
i=1
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Affine invariance of self-concordance

Theorem (4.1.2)

Let A(x) = Ax+ b:R" — R™ be a linear operator. Assume that f(y) is
self-concordant with constant M¢. Then ¢(x) = f(A(x)) is also
self-concordant with My = My (i.e., self-concordance is an
affine-invariant property).

Proof.

1. ¢(x) is closed and convex.

2. Fix x € dom ¢ = {x : A(x) € dom f} and v € R", and denote by
y = A(x), v=Au. Then

Dp(x)lu] = ¢'(x)Tu = f(AX)TAu=f'(y)Tv,
D2g(x)[u,u] = uT¢"(u = (Au)TF"(A(x))(Au) = vTF"(y)v,
D3¢(x)[u,u,u] = uT¢"()[ulu = (Au)TF"(A(x))[Aul(Au) = D*F(y)[v, v, v].

and  |D3¢(x)[u, u, u]] ID*F(y)[v, v, V]|

< MA(vTF(y)v)/2 = Me(D2(x)[u, ul) /2.
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Examples of self-concordant functions
1. Linear function.
f(x)=a"x+ b, dom f =R".

Then
f'(x) = a, f"(x) = 0,f"(x) =0,
so f(x) is self-concordant with My = 0.
2. Convex quadratic function.

f(x) = %XTAX +b"x+c, dom f =R",
where A= AT = 0. Then
f'(x) = Ax+b, f'(x) = A, f"(x)=0,

so f(x) is self-concordant with My = 0.
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Examples of self-concordant functions

3. Logarithmic barrier for a ray.

f(x) = —In(x), dom f = {x € R : x > 0}.

Then 1 9
2 (x) = —=.

x3

() =~ /() =

Hence, f(x) is self-concordant with My = 2.
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Examples of self-concordant functions

4. Logarithmic barrier for a region defined by a quadratic. Let
A= AT > 0. Consider the concave function

o(x) = —%XTAX +bTx+c.
Let f(x) = —In¢(x), dom f = {x € R": ¢(x) > 0}. Then

Df (x)[u] 7ﬁ[b7—u —xT Aul,
D*f(x)[u,u] = ﬁx;[bT“ —xTAu? + 2 u” Au,
D3 (x)[u,u,u] = —W[bTu —xTAu® - %[bTU —xTAuluT Au
If we denote by wy = Df(x)[u] and wp, = ﬁuTAu >0, then
D2f(x)[u,u] = w?+wy >0 (since D*f(x)[u,u] = HuH,%,,(x))7

|D>f (x)[u, u, u]|
Assume that wy # 0 (the only nontrivial case). Denote by
a = wy/w?, then
|D3 (), u,u]| _ 2Jw1 + 3w |wo
(D2F()[u, u])32 = (wf +w2)?/?
Thus, f(x) is self-concordant with My = 2.

|2w3 + 3wiwsl.

_21+3a) .
(1+a)?
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Properties of self-concordant functions

Theorem (4.1.1)

Let functions f; and f, be self-concordant with constants My and
My, respectively, and let o, 3 > 0. Then the function
f(x) = afi(x) + Bf(x) is self-concordant with constant

Mf = maxX {%Ml, %M2}

and dom f = dom f; Ndom f.
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Properties of self-concordant functions

Corollary (4.1.1)

If f is self~-concordant with some constant Mg and A = AT =0,
then the function

p(x) = f(x)+ %XTAX +b"x+c

is also self-concordant with the constant My = M.

Corollary (4.1.2)

Let function f be self-concordant with some constant M and
a > 0. Then the function ¢(x) = af(x) is also self~concordant

with the constant My = ﬁMf.
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Properties of self-concordant functions

Theorem (4.1.3)

Let f be self-concordant. If dom f contains no straight line, then
the Hessian f"(x) is nondegenerate at any x from dom f.

Theorem (4.1.4)

Let f be self-concordant. Then for any X in the boundary of dom f
and any sequence

{xx} Cdom f : x4 — X

we have f(xx) — +o0.

Thus, f(x) is a barrier function for cl(dom f).
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