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Important inequalities

> Let f(x) be a self-concordant function with the constant
Ms = 2 (we call such self-concordant functions standard).

> If M¢ # 2, we can consider ¢(x) = MT?f(x) with My = 2.
> We assume that dom f contains no straight line (so that
f"(x) is nondegenerate for any x € dom f).

» Denote by

lullx = [uTF(x)u)*2,
Wil = [T e ] Y2,
M) =GOS = [FEIFI )] 2.
Then

T
v ul < vl flull-
> ||u||x is called the local norm of direction u with respect to x;

> \r(x) is called the local norm of the gradient f'(x) (or the
Newton decrement of f at x).

Important inequalities

For fixed x € dom f and u € R”, u # 0, consider the function

1
W)= ——————5
[uT£(x + tu)u]/?
with the domain dom ¢ = {t € R: x + tu € dom f}.
Lemma (4.1.3)
For all feasible t we have |¢'(t)] < 1.

Proof.

"(x + tu)[u, u, u]
32 =1
2[uT f"(x + tu)u]

since f is self-concordant. O

o) = -

Important inequalities

Corollary

Domain of function ¢(t) contains the interval

(—=¢(0), ¢(0)).

Proof.

» From the lemma, it follows that

¢(t) = ¢(0) + ¢'()(t — 0) = ¢(0) — ¢

for some T between 0 and t. Thus, if t € (—$(0), ¢(0)) then
o(t) > 0.
> It remains to show that dom ¢ = {t : #(t) > 0}.

> f(x+ tu) — oo as x + tu approaches the boundary of dom f.
> Therefore, the function u” f”'(x + tu)u cannot be bounded.

O
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Important inequalities
Consider the ellipsoid

WO(x;r)
W(x;r) =

{yeR":ly = xllx < r},

A(Wo(x; ) ={y eR": |ly — x||x < r}.
This ellipsoid is called the Dikin ellipsoid of f at x.

Theorem (4.1.5)

1. For any x € dom f we have W°(x;1) C dom f.
2. For all x,y € dom f:

Important inequalities
Proof.
1. We have
(=$(0), $(0)) C dom ¢ = {t € R : x + tu € dom f}.
Since ¢(0) = 1/|ul|x, this implies that

{y=x+tu: —1/|ullx < t <1/||ullx} = {y = x+tu: ||u]2 < 1} C dom f.

2. Choosing u =y — x, we obtain

lly = xllx - ! - !
_ > 7 AlX )= 7——, ¢(0) = 7———,
ly =l = T 5 = @) YW=, YO = =
3. I |ly — x||x < 1 then and since |¢/(t)| < 1, we have ¢(1) < ¢(0) + 1.
3. If ly — x|lx < 1, then ¢(0) > 1 and since |¢/(t)| <1, we have
ly — x|l < M 2) ¢(1) > ¢(0) - 1.
Tyl .
Important inequalities Important inequalities
Theorem (4.1.6) Theorem (4.1.7)
Let x € dom f. Then for any y € WO(x; 1) we have For any x,y € dom f we have
(L ly = xR < ) = L (F(0) — 0Ty ) 2 X )
: - T A=y =) T L+ ly = x]lx
F(y) = £(x) + /0)T(y = x) + w(lly = x]lx), (4)
Thus,
> At any point x € dom f there is an ellipsoid where w(t) =t —In(1+1).
WOl 1 R Ten 1 C dom f Theorem (4.1.8)
(1) ={x €R™: (y =) F)(y =x) < 1} < dom £. Let x,y € dom f and ||y — x||x < 1. Then
> Inside the ellipsoid W(x; r) with r € [0, 1) function f is almost ly = x|2
quadratic (the Hessian is almost the same when r is small): (F(y) = F ()T (y —x) < 1_%/7_;”, (5)
2 :
(=100 = F0) = gt () Wy € W), fy) < F0) + F00T 0 —x) vy~ <) (6)

where w,(t) = —t — In(1 — t).




Important inequalities

Theorem (4.1.9)

Each of the inequalities (1)-(6) is an equivalent characterization
(necessary and sufficient characteristic) of a standard
self-concordant function.

Proof.

The proof consists of the following steps:
1. Definition of self-concordant function = (1) = (3)= (4)=
definition of self-concordant function;

2. Definition of self-concordant function = (2) = (5)= (6)=
definition of self-concordant function.

Important inequalities

Theorem (4.1.10)
For any x,y € dom f we have
Fy) = F(x) + ()T (v = x) + (I () = F ;). (7)

IENF'(y) = F(X)Il; <1 then

Fly) < FO) + ()T (y = x) +wu(If' () = F ). (8)
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Important inequalities
In the above theorems we used the functions
w(t) =t —In(1+t) and wi(7) = —7 — In(1 — 7).
Since
W(t) =
Wi(r) =

T

v v
£

©

|

n
2

Vv

o

w(t) and w.(7) are convex functions.
Lemma (4.1.4)
For any t >0 and 7 € [0,1) we have

w(t) = max [§¢ —w.(&)], wi(r) = max{er —w(E)];

0<é<1
w(t) + wi (1) > 7,

w(7) = TWl(7) = w(wi (7)), w(t) = tw'(t) — w(W'(1)).
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Minimizing the self-concordant function
Consider the problem
min{f(x) : x € dom f}.
As before, we assume that f is a standard self-concordant function
and dom f contains no straight line. Recall that A¢(x) = ||f'(x)||%.
Theorem (4.1.11)
Let A¢(x) < 1 for some x € dom f. Then the solution x; of our

problem exists and is unique.

Proof.
For any y € dom f we have

f(y) F(x) + £(x) T (y = x) + w(lly = xllx)
FO) = IF Gl - My = xllx + w(lly = xllx)

FO) = Ar(x) - lly = xllx + w(lly = x[1x)-

v iIv
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Minimizing the self-concordant function

Therefore, for any y € L¢(f(x)) ={y e R": f(y) < f(x)} we
have
w(lly = xIlx)

< Ar(x) < 1.
lly — x]lx

Since the function @ =1-LIn(1+ t) is strictly increasing in t,
we have ||y — x||x < %, where t is a unique positive root of the
equation

(1= Xe(x))t =In(1+¢).

Thus, L¢(f(x)) is bounded and x; exists. The uniqueness follows
from the inequality

Fly) = FOx¢) + wllly = x¢llx)

for all y € dom f. |
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Minimizing the self-concordant function

The following example shows that the assumption A¢(x) <1
cannot be relaxed.

Example

For a fixed € > 0, consider a univariate function

vV v vy VY

fo(x) = ex — In(x),x > 0.

This function is self-concordant.

Since f/(x) =€ — 1, f'(x) = %, we have A¢(x) = |1 — ex].
Thus, for € = 0 we have Ag(x) =1 for any x > 0.

fo is not bounded from below.

|f€>0thenx;{:%.
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Damped Newton method

0. Choose xg € dom f.

L Xipr =k — gy [P ()] (). k > 0.

Theorem (4.1.12)
For any k = 0: f(xi41) < f(xk) — w(Ar (X))

Proof.
Denote by A = Ar(xc). Then [Ixic1 — xcllx = 25 = «/()) and
fxag1) < FOa) + F0) T (kgr = i) + wa(xesr — Xillx)
= f(xk) — £y +w-(W(V)
f(xk) — A'(A) + we(W' (X)) = F(xk) — w(N).
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