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Standard Newton method

0. Choose xp € dom f.
1. Xk41 = Xk — [f”(Xk)]ilf,(Xk), k > 0.

Denote by
(k) = [Ixk — £ [|x -

Theorem (4.1.13)

Let A\f(x) < 1. Then
w(Ar(x)) < F(x) = F(xf) < wa(Ar(x)),
W(Ar(x)) < llx = X7 [lx < wi(Ar(x),
w(r(x)) < F(x) = F(x) < walr(x)),

where the last inequality holds for r.(x) < 1.

Standard Newton method

Theorem (4.1.14)
Let x € dom f and A\f(x) < 1. Then the point
xp = x—[f"(x)]7H(x)

belongs to dom f and

Ar(xy) < (lif)\(f()x))z :

Thus, to guarantee that Ar(x;) < Af(x), we need to have

A(x) <A=> _2‘/5

=0.3810...,

where X is the root of the equation ﬁ =1

Solution strategy

> First stage: Ar(xx) > 3, where 3 € (0,)). Apply the damped
Newton method. At each iteration we have

1) < Fxk) = w(0)-

The number of steps N for this stage is bounded by

1
N < —[f(x0) — F(xF)].
Sl 0) — 76
> Second stage: Ar(xx) < 3. Apply the standard Newton
method. We have the quadratic rate of convergence.

Even though the damped Newton method also has quadratic rate
of convergence, the proposed strategy gives better complexity
bound.




Self-concordant barriers: motivation

» Denote by Dom f = cl(dom f)
» By standard constrained minimization problem we will mean a
problem in the form

T
c *
min ¢’ x, (*)

where @ is a closed convex set. We also assume that we know
a self-concordant function f such that Dom f = Q.

» Consider a parametric barrier function
f(t;x) =tc"x+f(x), t>0.

» Note that f(t; x) is self-concordant in x.

» Denote by x*(t) = arg min f(t;x).

xedom f
> x*(t) is called the central path of the problem ().

» Can we expect that x*(t) — x* as t — 007

Self-concordant barriers: motivation

Recall the general scheme of the barrier function method:

Barrier function method

0 < tx < ty41 and tx — 0.
1. k™ iteration (k > 0):
Find a point xx41 = arg mig{fo(x) + t—lkF(x)} using xx as a
x€

starting point.

0. Choose xp € int®@ . Choose a sequence of penalty coefficients:

Denote by Wy(x) = fo(x) + £ F(x), WV} = mig W (x).
S

Theorem (1.3.2)

Let barrier F(x) be bounded from below on Q. Then
lim Wy = f*, where f* is the optimal value of the considered

—00
problem.

Self-concordant barriers: motivation

The region of quadratic convergence of the standard Newton
method applied to minimization of f(t; x) is given by

3-5
_

)\f(t;.)(X) <pg< 2=

Assume that we know x = x*(t) for some t > 0. Then FONC yield
the following central path equation:

tc+ f'(x) = 0.

We want to increase t while keeping x within the region of
quadratic convergence of the Newton method for f(t + A;-):

ty =t+A, A>0;

)‘f(t+A;<)(X) <p< A

Self-concordant barriers: motivation
Note that the increase in t does not change the Hessian:
't + A; x) = f'(¢t; x).

Also, from the central path equation we have tc + f/(x) = 0.
Therefore,

)\f(t+A;~)(X) <g
is equivalent to

Arerar)(x) = (IF(E+ A X = ite + Ac+ F(x)]«
Allcllx = 2[|f'(x)]x < 8.

If we increase t at a linear rate, then the last inequality requires
that
M) = COIZ = FE)TF ()7 (%)

is uniformly bounded on dom f. This is guaranteed by the
following definition of self-concordant barriers...




Self-concordant barriers: definition

Definition
A standard self-concordant function F(x) is called
v-self-concordant barrier for set Dom F, if

sup {ZF'(X)TU — uTF”(x)u} <v
ueR"

for all x € dom F. The value v is called the parameter of the
barrier.

If we assume that F”(x) is nondegenerate, then the above
inequality is equivalent to
Ne(x) = [IF'(IZ = F'O)TF ()7 (x) < v
Equivalent definitions:
1. (F'(x)-’—u)2 < V(uTF”(x)u) Yu e R".
2. F'(x) = %F/(X)F/(X)T.

Self-concordant barriers: examples

1. Linear function
f(x) = a'x+ b,dom f = R",

is not a self-concordant barrier since f”/(x) = 0.

2. Convex quadratic function
1
f(x) = EXTAX +b"x+c,dom f =R"

is not a self-concordant barrier, since
FIO)TF(x)H(x) = (Ax+b)TAT(Ax + b)
= xTAx+2bTx+ bA~1b,

is not bounded from above on R".
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Self-concordant barriers: examples

3. Logarithmic barrier for a ray:
F(x)=—Inx,dom F = {x € R: x > 0}.
Then F'(x) = —1/x, F"(x) = 1/x? > 0, and

(F'())? _
Fiog b

Thus, F(x) is a v-self-concordant barrier for {x € R : x > 0}
with v = 1.
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Self-concordant barriers: examples

4. Logarithmic barrier for a quadratic region:
Let A= AT = 0. Consider the concave function

o(x) = —%XTAX +bTx+c

Let F(x) = —In¢(x), dom F = {x € R": ¢(x) > 0}. Then

F'(x)Tu fﬁ[bTufxTAu],
uTF'"(x)u = ﬁu)[bTu—xTAu]z—t—ﬁuTAu.

Denote by wy = F/(x)Tu and wp = ﬁUTAU. Then
uT F"(X)u = w? 4+ wy > w?,

and
2F (x) T — uT F"(x)u < 2wy —w? < 1.

Therefore, F(x) is a v-self-concordant barrier with v = 1.
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Self-concordant barriers: properties

Theorem (4.2.1)

If F(x) is a self-concordant barrier, then cTx + F(x) is a
self-concordant function on dom F.

Theorem (4.2.2)

Let F; be vi-self-concordant barriers, i = 1,2. Then the function
F(x) = Fi(x) + F2(x) is a self-concordant barrier for

Dom F = Dom F N Dom F» with the parameter v = v1 + v».
Theorem (4.2.3)

Let A(x) = Ax + b be a linear operator, A(x) : R" — R™. If F(y)
is a v-self-concordant barrier, then ®(x) = F(A(x)) is a
v-self-concordant barrier for the set

Dom ¢ = {x € R" : A(x) € Dom F}.
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Self-concordant barriers: properties

Theorem (4.2.4)

1. Let F(x) be a v-self-concordant barrier. Then for any x and y
from dom F we have

F'(x)T(y —x) <
Moreover, if F'(x)T(y — x) > 0 then

(F'() "y =x))?
v=F )Ty —x)
2. A standard self-concordant function F(x) is a

v-self-concordant barrier if and only if

(F'(y) = F'(:)) (v —x) >

F(y) > F(x) —vIn (1 - %F'(X)T(y — x)) Vx,y € dom F.
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Self-concordant barriers: properties

Theorem (4.2.5)

Let F(x) be a v-self-concordant barrier. Then for any x € dom F
and any y € Dom F such that

F'()T(y =x) >0,

we have
Iy = xlx <v+2vv.
Definition
Let F(x) be a v-self-concordant barrier for the set Dom F. The
point

xf =arg min _F(x

F gxedom F ( )

is called the analytic center of convex set Dom F generated by the
barrier F(x).

15/16

Self-concordant barriers: properties

Theorem (4.2.6)

Assume that the analytic center of a v-self-concordant barrier F(x)
exists. Then for any x € Dom F we have

[x = xEllxz < v 42V

On the other hand, for any x € R" such that ||x — xg
have x € Dom F.

X;S].WG‘

Corollary
If Dom F is bounded, then for any x € dom F and v € R" we have

vl < (v +2v)lvilz,.
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