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Preliminaries: n-dimensional volumes

Lemma
If a linear map f : R

n → R
m is given by matrix A and S is any

measurable subset of R
n, then the m-dimensional volume of f (S)

is given by
√

det(ATA) × voln(S).

In particular, if a linear map f : R
n → R

n is given by matrix A and
S is any measurable subset of R

n, then the volume of f (S) is given
by | det A| × voln(S).
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Circumscribed ellipsoid

Problem
Given a set of points a1, . . . , am ∈ R

n, find an ellipsoid W of
minimum volume containing all these points.

Solution
We can represent any ellipsoid as W = {x ∈ R

n : ‖Hx − v‖ ≤ 1},
where H ∈ intPn and v ∈ R

n. Then

W = {x ∈ R
n : ‖Hx−v‖ ≤ 1} ≡ {x ∈ R

n : x = H−1(v+u), ‖u‖ ≤ 1}.

Note that

voln(W ) = voln(B(0, 1)) · det H−1 =
voln(B(0, 1))

det H
,

so minimizing the volume of W is equivalent to minimizing

− ln det H.
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Circumscribed ellipsoid
Thus, we can formulate our problem as follows:

min
H,v ,τ

τ,

s.t. − ln det H ≤ τ,
‖Hai − v‖ ≤ 1, i = 1, . . . ,m,
H ∈ Pn, v ∈ R

n, τ ∈ R.

Lemma (4.3.7)
The function

− ln det H − ln(τ + ln det H)

is an (n + 1)-self-concordant barrier for the set

{(H, τ) ∈ Sn×n × R : τ ≥ − ln det H, H ∈ Pn}.

Thus, we can use the following barrier to solve our problem:

F (H, v , τ) = − ln det H − ln(τ + ln det H) −
m∑

i=1

ln(1 − ‖Hai − v‖2)

with ν = m + n + 1.
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Inscribed ellipsoid with fixed center

Problem
Given Q = {x ∈ R

n : aT
i x ≤ bi , i = 1, . . . ,m} and v ∈ intQ. Find

a maximum volume ellipsoid W ⊂ Q centered at v .

Solution

Lemma (4.3.8)

Let aT v < b. Inequality aT x ≤ b is valid for any x ∈ W if and
only if aTHa ≤ (b − aT v)2.

The ellipsoid sought is in the form

W = {x ∈ R
n : (x − v)TH−1(x − v) ≤ 1}.

Note that voln(W ) = voln(B(0, 1))(det H)1/2, so the problem of
maximizing voln(W ) is equivalent to the problem of minimizing
− ln det H.
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Inscribed ellipsoid with fixed center

Thus, we obtain:

min
H,τ

τ,

s.t. − ln det H ≤ τ,
aT
i Hai ≤ (bi − aT

i v)2, i = 1, . . . ,m,
H ∈ Pn, τ ∈ R.

We can use the following self-concordant barrier:

F (H, τ) = − ln det H − ln(τ + ln det H)

−
m∑

i=1
ln[(bi − aT

i v)2 − aT
i Hai ]

with ν = m + n + 1. Thus, we can solve the problem in
O(

√
m + n + 1 ln m+n

ε ) iterations of a path-following scheme.
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Inscribed ellipsoid with free center

Problem
Given Q = {x ∈ R

n : aT
i x ≤ bi , i = 1, . . . ,m} with intQ 	= ∅, find

a maximum volume ellipsoid W ⊂ Q.

Solution
Let G ∈ intPn, v ∈ intQ. We can represent W as follows:

W = {x ∈ R
n : ‖G−1(x − v)‖ ≤ 1}

≡ {x ∈ R
n : (x − v)TG−2(x − v) ≤ 1}.

Note that the inequality aT x ≤ b is valid for any x ∈ W if and
only if

‖Ga‖2 ≡ aTG 2a ≤ (b − aT v)2,

yielding a convex region for (G , v): ‖Ga‖ ≤ b − aT v . Note that

voln(W ) = voln(B(0, 1)) det G .
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Inscribed ellipsoid with free center

Thus, we obtain:

min
G ,v ,τ

τ,

s.t. − ln det G ≤ τ,
‖Gai‖ ≤ bi − aT

i v , i = 1, . . . ,m,
aT
i v ≤ bi , i = 1, . . . ,m

G ∈ Pn, v ∈ R
n, τ ∈ R.

We can use the following self-concordant barrier:

F (G , v , τ) = − ln det G − ln(τ + ln det G )

−
m∑

i=1
ln[(bi − aT

i v)2 − ‖Gai‖2]

with ν = 2m + n + 1. Thus, we can solve the problem in
O(

√
2m + n + 1 ln m+n

ε ) iterations of a path-following scheme.
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Separable optimization
Consider a general separable problem:

min
x∈Rn

q0(x) =
m0∑
j=1

α0j f0j(a
T
0jx + b0j),

s.t. qi (x) =
mi∑
j=1

αij fij(a
T
ij x + bij) ≤ βi , i = 1, . . . ,m,

where αij are some positive coefficients, aij ∈ R
n and fij(t) are

univariate convex functions. Put it in the standard form:

min
x ,t,τ

τ0,

s.t. fij(a
T
ij x + bij) ≤ tij , i = 0, . . . ,m, j = 1, . . . ,mi ,

mi∑
j=1

αij tij ≤ τi , i = 0, . . . ,m,

τi ≤ βi , i = 1, . . . ,m,

x ∈ R
n, τ ∈ R

m+1, t ∈ R
M , where M =

m∑
i=0

mi .

We need barriers for epigraphs of fij ... 10/15

Barriers for some univariate functions

Logarithm and exponent

F1(x , t) = − ln x − ln(ln x + t) is a 2-self-concordant barrier for the
set

Q1 = {(x , t) ∈ R
2 : x > 0, t ≥ − ln x},

and F2(x) = − ln t − ln(ln t − x) is a 2-self-concordant barrier for
the set

Q2 = {(x , t) ∈ R
2 : t ≥ ex}.

Entropy function

F3(x , t) = − ln x − ln(t − x ln x) is a 2-self-concordant barrier for
the set

Q3 = {(x , t) ∈ R
2 : x ≥ 0, t ≥ x ln x}.
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Barriers for some univariate functions
Increasing power functions

F4(x , t) = −2 ln t − ln(t2/p − x2) is a 4-self-concordant barrier for the set

Q4 = {(x , t) ∈ R
2 : t ≥ |x |p}, p ≥ 1,

and F5(x) = − ln x − ln(tp − x) is a 2-self-concordant barrier for the set

Q5 = {(x , t) ∈ R
2 : x ≥ 0, tp ≥ x}, 0 < p ≤ 1.

Decreasing power functions

F6(x , t) = − ln t − ln(x − t−1/p) is a 2-self-concordant barrier for the set

Q6 =

{
(x , t) ∈ R

2 : x > 0, t ≥ 1

xp

}
, p ≥ 1,

and F7(x) = − ln x − ln(t − x−p) is a 2-self-concordant barrier for the set

Q7 =

{
(x , t) ∈ R

2 : x > 0, t ≥ 1

xp

}
, 0 < p ≤ 1.
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Geometric optimization
Consider the problem

min
x∈Rn

q0(x) =
m0∑
j=1

α0j

n∏
r=1

(x (r))σ
(r)
0j ,

s.t. qi (x) =
mi∑
j=1

αij

n∏
r=1

(x (r))σ
(r)
ij ≤ 1, i = 1, . . . ,m,

x (j) > 0, j = 1, . . . , n,

where αij are some positive coefficients. This problem is not

convex. Denoting by aij = (σ
(1)
ij , . . . , σ

(n)
ij ) ∈ R

n and changing the
variables:

x (i) = ey (i)
,

we obtain an equivalent convex separable problem

min
y∈Rn

m0∑
j=1

α0j exp{aT
0jy},

s.t.
mi∑
j=1

αij exp{aT
ij y} ≤ 1, i = 1, . . . ,m.
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Geometric optimization

Denote by M =
m∑

i=0
mi . Then our problem can be solved in

O
(
M1/2 · ln M

ε

)
iterations of a path-following scheme.
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Approximation in lp norms

The problem

min
x∈Rn

m∑
i=1

|aT
i x − b(i)|p,

s.t. α ≤ x ≤ β,

where p ≥ 1, is equivalent to the following problem

min
x ,τ

τ (0),

s.t. |aT
i x − b(i)|p ≤ τ (i), i = 1, . . . ,m,

m∑
i=1

τ (i) ≤ τ (0),

α ≤ x ≤ β,
x ∈ R

n, τ ∈ R
m+1.
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Approximation in lp norms

We consider the problem

min
x∈Rn

m∑
i=1

|aT
i x − b(i)|p,

s.t. α ≤ x ≤ β,

where p ≥ 1.
The total complexity of two alternative approaches to solving this
problem is given by:

Ellipsoid method: O
(
n3(m + n) ln 1

ε

)
operations;

Path-following method: O
(
n2(m + n)3/2 ln m+n

ε

)
operations.

Thus, interior-point methods are more efficient if m ≤ O(n2).


