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Second order conditions for unconstrained problems

Theorem (SONC for an unconstrained problem)
If x* € R" is a local minimizer for the problem m]iIQ f(x), where
xER"

f(x) € CA(R™), then V?f(x*) is positive semidefinite. O

Theorem (SOSC for an unconstrained problem)

If x* satisfies the FONC and SONC for an unconstrained problem
min f(x) and V2f(x*) is positive definite, then x* is a point of
xER"

strict local minimum for this problem.

Example: A convex quadratic problem

Consider a quadratic problem

min g(x),

where g(x) = %XTQX +cTx. If Qis a positive semidefinite
matrix, then g(x) is convex and any point satisfying the FONC is a
global minimizer. We have

Vg(x)=0 & Qx=-—c.

If Q is positive definite, then this system has a unique solution
x* = —Q7 ¢, which is the only global minimizer in this case.

Level sets

» For a function f(x) : R” — R and a constant c, the set
S={x€R": f(x)=c} is called the level set of f at the
level c.

> Acurve yinaset Sisy={x(t):t e (ab)} CS, where
x(t) : (a,b) — S is a continuous function.

> For any curve 7y in the level set S of f(x) at the level ¢, we
have

f(x(t)) =c, forte(a,b).
Hence, the derivative of g(t) = f(x(t)) at any point
to € (a,b) is
dg(to)
dt
On the other hand, using the chain rule,

dg(to) _ df(x(to))
dt dt
So, if we denote by xp = x(tp), then we have

Vf(Xo)TXl(to) =0.

=0.

= Vf(x(to)) "X (o).




Level sets

» Geometrically, this means that vectors Vf(xp) and x/(to) are
orthogonal.

> Note that x'(tp) represents the tangent line to x(t) at xo.

» Thus, for a continuously differentiable function f(x) and a
smooth (continuously differentiable) curve x(t) passing
through xp in the level set of f(x) at the level ¢ = f(xp),
where x(tp) = x0,x'(to) # 0, the gradient of f at xg is
orthogonal to the tangent line of x(t) at xo.
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Level sets

y y = f(a1,22)
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Gradient Methods

Given a problem

e

the numerical methods usually aim to construct a sequence of
points {xx : k > 0}, such that xx — x*, k — 0o, where x* is a
stationary point of f(x) (Vf(x*) =0). Each next point in this
sequence is obtained from the previous point by moving some

distance along a feasible direction d:

Xk+1 = Xk +axd, k> 0.

In gradient methods, the direction d depends on the gradient
V£ (xk)-

Gradient Methods

» Consider the problem
min £(x),

where f(x) is a continuously differentiable function.

» Given xp € R" and a direction d € R”, the directional
derivative of f(x) at xg is VF(xo)" d.

» Recall that this directional derivative is interpreted as the rate
of increase of f(x) at xo in the direction d.

» The Cauchy-Schwartz inequality, stating that for any two
vectors u,v € R" : uTv < ||u|||v|| with equality if and only if
u = av for some scalar a > 0, allows to find the direction
with the largest possible rate of increase.
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Gradient Methods

» Applying this inequality for d and Vf(xp), we have
Vi(xo) d < [[VF(xo)llldll,

where equality is possible if and only if d = aVf(xp) with
a > 0. So, the direction d = aVf(xp) is the direction of the
maximum rate of increase at xg.

» Similarly, for d and —Vf(xp), we have
Vf(x0)"d > ||V (o)l dll,

where equality is possible if and only if d = —aVf(xp) with

a > 0. So, the direction d = —aVf(xp) is the direction of the
maximum rate of decrease at xp. Thus, intuitively, the
direction opposite to the gradient is the “best” direction to
take in a minimization method.

Gradient Methods

The general outline of a gradient method is
X1 = Xk — ax Vi, k>0,

where a, > 0 and V = Vf(xk). Different choices of ay, k >0
result in different variations of gradient methods, but in general ay
is chosen so that the descent property is satisfied:

f(Xk-H) < f(Xk), k> 0.
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Gradient Methods

Next we show that if Vi # 0, then ay can always be chosen such
that the sequence {f(xx) : k > 0} possesses the descent property.
Using Taylor's series, we have

F(xkr1) = FOu) + Vi (ki1 = xk) + ([ xk1 = xil])-
Since xxt+1 = Xk — axVk, we have
F(xie1) = F(xk) = = Vil + o[V il])-
This yields that there always exists & > 0 such that for any

positive ay < @:
f(xk+1) — F(xk) < 0.
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Steepest Descent

In the steepest descent method, the step size «a corresponds to
the largest decrease in the objective while moving along the
direction V£ (xx) from point x:

ag: F(xk + axVi) = min f(xx — aVy),
a>0
i.e., ay = arg m>ira f(xk — aV). From the above, it is obvious that
oz
such choice of ay will guarantee the descent property, since

f(Xk+1) < f(Xk — @Vk) < f(Xk).
Theorem
If x, — x*, where {x, : k > 0} is the sequence generated by the

steepest descent method, then Vf(x*) = 0.
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Steepest Descent
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Convex quadratic case

Consider a convex quadratic function

1
f(x) = EXTQX +c'x,

where Q is a positive definite matrix. Then, for some xj,
Vi = Vf(Xk) =Qxx+ ¢
and the k 4 1! iteration of the steepest descent method is

A

kYR g, k>0
VZ—QV[( k =

Xk+1 = Xk
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Convex quadratic case

2 for any xo € R" we

n

Example: For f(x) = > x? = x"x = ||x]|
i=1

have Q = I,,, where I, is the n x n identity matrix, and

4X0TX0

X1 = X0 — 2Xo:X()*X0:0.

8x0T X0

Thus, we get the global minimizer in one step in this case.
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Speed of convergence

Consider a numerical sequence {x, : k > 0} such that
xx — x*, k — oo. If there exist C > 0 and positive integers R, K,
such that for any k > K:

X1 — X7
T —x? = ©

then we say that {xx : k > 0} has the rate of convergence R. If
R =1, we say that the convergence is linear; if R = 2, the
convergence is quadratic.

—x* . . .
If lim % = 0, the sequence is said to converge superlinearly.
k—o00 -

If klim % = u, does not hold for any u < 1 the sequence is
—00
said to converge subrlinearly.
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Global convergence of the steepest descent method

A numerical method is said to be globally convergent if it
converges starting from any point. We discuss the global
convergence analysis of the steepest descent method for convex
quadratic case only. Consider a convex quadratic function

a(x) = S(x = x") T Q(x — x*)
The steepest descent iteration for this function is

Xk+1 = Xk — Qk Vi,

where

VIV

Q) = =T Ao "

vk ka

It can be shown that
Amin(Q))
X < g(x 1—-——= |,
alsen) < g (1= 3700

where Amin(@Q) and Apmax(Q) are the smallest and the largest
eigenvalues of Q, respectively.
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Global convergence of the steepest descent method

/\min(Q) )
Amax(@) )’
» Thus, the steepest descent method is globally convergent for

a convex quadratic function. Note that the rate of
convergence is linear.

A1) < q(x0) (1 -

» From the above inequality we also see that if
Amin(Q) = Amax(Q) then we will have convergence in one
step (recall the example for f(x) = x2 + x2).

> On the other hand, if Apmax(Q) is much larger than Apmin( @),
then 1 — % ~ 1 and the convergence may be extremely
slow in this case.

> The ratio k(Q) = 323 = [|QI|[| Q|| is called the condition
number of matrix Q".""/E\ matrix with a large condition number
is called poorly conditioned. This case usually corresponds to
“long, narrow” level sets, where the steepest descent moves
back and forth (“zigzags") in search for the minimizer. Lo/

Newton's method
As before, we consider the unconstrained problem

in f(x).
")

The Newton's method is based on minimizing the quadratic
Taylor's series approximation of f(x) instead of f(x). We have

F(x) ~ F(x) + Vi (x — xe) + %(X —x) V3 (x — xi),

where Vi = Vf(x) and V2 = V2f(xx). If V2 is positive definite
then the global minimizer of the quadratic approximation
1
q(x) = f0a) + Vi (x = x¢) + S = xk) TV (x =)

is given by
x* = x; — (V3)7 IV,
Setting xx+1 = x*, we obtain an iteration of the Newton's method:

Xk+1 = Xk — (V%)ilvk, k 2 0.
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Newton's method

Example: Using the Newton's iteration for a convex quadratic
function

1
f(x) = EXTQX +c'x,
we obtain

Xk+1 = Xk — Qil(QXk + C) = —QilC.

Thus, we get the global minimizer in one step.

20/21




Newton's method: Convergence

Newton's method has the quadratic rate of convergence under
certain assumptions. We assume that f € C®)(R"), V2 and
V2f(x*) are positive definite, where x* is a stationary point of
f(x) and x is a point close to x*.

Then

Ixer1 =x* (1 =[x = (V) Vi = x|
IV HVF(x) = Vi = VE( = x0)l

IV (Vi = VE(x*) = VEGk — X))
*H2'

INIA

e |lxk — x

So, if we start close enough from the stationary point x*, then the
Newton's method converges to x* with the quadratic rate of
convergence.
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