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Classes of differentiable functions: Lipschitz condition

Let @ C R". Denote by Cf’p(Q) the class of functions with the
following properties:
> any f € Cf’p(Q) is k times continuously differentiable on Q.

» lts p-th derivative is Lipschitz continuous on @ with the
constant L:

1FPY(x) = FP ()| < Lllx = yl|
forall x,y € Q.

Properties:
» We always have p < k.
> If g > k then C/"P(Q) C Cf’p(Q).
> If A € CP(Q) € C5P(Q) and a, B € R, then for
L3 = |a|Ly + |B|L2 we have afi + B € C[(;P(Q).

Lipschitz condition

Lemma (Lemma 1.2.2 in the text)
Function f(x) belongs to CL2’1(R”) C C,}’l(]R”) if and only if

1)) < L, Vx € R™.

Example:
1. Linear function f(x) =a’x+ b € Col’l(]R") since
fl(x)=a, f'(x)=0.

2. For the quadratic function f(x) = 2x” Qx + ¢ x we have

flix)=Q@x+c, f'(x)= Q.
Thus, f(x) € C/'(R") with L= || Q].
3. For the function f(x) = V1 + x2,x € R, we have

y _ X 1 _ 1
f(X) - mv f (X)_ (1+X2)3/2 S 1.

So, f(x) € C;H(R).

Lipschitz condition

Lemma (1.2.3)
Let f € C/M(R"). Then for any x,y € R" we have

1(y) — () — F )Ty — 0| < Sy — x|

Geometrically, this means that for a point xp € R" the graph of
function f is located between the graphs of the following two
quadratic functions:

2,

B1() = Flx0) + F/(30)T (x ~ x0) — £]lx — ol

Ba(x) = Flx0) + F/(30)T (x ~ x0) + 21x —




Lipschitz condition
Consider a function f € C,%f(R"). Then we have

[£7(x) = £" W) < Mllx = yll, ¥x,y € R".
Lemma (1.2.4)
Let f € C,%f(R"). Then for any x,y € R" we have
/ / " M 2
1£°0y) = £10) = F70) 0y =) < S lly = xII%,

||f(y)—f(X)—f'(X)T(y—X)—%(y—X)Tf”(X)(y—X)H < %Ily—XIP

Corollary
Let f € C,%f(R") and ||y — x|| = r. Then
f'(x) — Mrl, < f"(y) 2 f"(x) + Mrl,,

where I, is the identity matrix in R". 5/18

Smooth Convex Optimization

(Chapter 2 of the text)

Which properties make a problem tractable?

» Consider the unconstrained problem

min £(x),
where f(x) is a sufficiently smooth function.

» We want to introduce some reasonable assumptions on f(x)
to make our problem more tractable than it is in general.

» Next we will define a class F of differentiable functions that
posses some desirable (with respect to minimization)
properties.

» Since the methods we discussed converge to a stationary
point, we want a stationary point to be a global minimizer for
any f € F.

» We want class F to be sufficiently wide and include functions
that are obtained from other functions in F by applying some
basic arithmetic operations, such as multiplication by a
nonnegative scalar and addition. 18

Basic assumptions

We formalize the desired properties of the hypothetical class F in
the following assumptions:

1. For any f € F the first-order optimality condition is sufficient
for a point to be a global minimizer of our problem.

2. If A, h e Fand o, 3 >0, then afy + pfHh € F.

3. Any linear function f(x) = a” x + b belongs to F.

These properties appear to be sufficient to define the class of
smooth convex functions.




Smooth convex functions

For f € F, fix some xp € R" and consider the function
o(x) = f(x) — f’(xo)Tx.

Then ¢ € F due to the assumptions 2 and 3.
We have

¢'(x0) = f'(x0) — f'(x0) = 0,

thus, according to assumption 1, xp is a global minimum of ¢, so
for any x € R” we have

B(x) = d(x0) = F(x0) — F'(x0) "0,
which is the same as

f(x) > f(x0) + f'(xo)T(x - Xp)-

Smooth convex functions

f(x) > f(xo) + f/(xo)T(x - Xp).

Recall that this inequality is exactly the first-order characterization
of a convex function, which can be viewed as an alternative
definition of a smooth convex function:

Definition (2.1.1)

A continuously differentiable function f(x) is called convex on R”
(denoted by f € FL(R")) if for any x,y € R" we have

Fly) = F0x) + /()T (y = x).

If —f(x) is convex, we call f(x) concave.

10/18

Smooth convex functions

» We can define classes of convex functions }'f’p(Q) similarly to
how we defined classes C}P(Q):

Let @ C R". Denote by ff’p(Q) the class of convex functions
with the following properties:
> any f € ]-'f"’(Q) is k times continuously differentiable on Q.
> Its p-th derivative is Lipschitz continuous on Q with the
constant L:

1) = )] < Lx =y

for all x,y € Q.

11/18

Smooth convex functions

Next we check that our three assumptions regarding F are
satisfied by the class F1(R"), and thus are the properties of this
functional class.

Theorem (2.1.1)

If f € FYR") and f'(x*) = 0 then x* is a global minimum of f(x)
on R".

Lemma (2.1.1)

If fi and f; belong to F(R") and «, 3 > 0 then function

f = afy + 3y also belongs to F1(R").

The third assumption is also trivially satisfied. Thus, for
differentiable functions our hypothetical class F is exactly the class
of convex functions F1(R").

12/18




Properties of smooth convex functions

Recall the original definition of a convex function that we gave...

Theorem (2.1.2)

Continuously differentiable f belongs to the class F*(R") if and
only if for any x,y € R™ and a € [0,1] we have

flax+ (1 — a)y) < af(x) + (1 — a)f(y).

Here is another equivalent first-order characterization:

Theorem (2.1.3)

Continuously differentiable f belongs to the class F*(R") if and
only if for any x,y € R" we have

(F(x) = f'() T (x—y) > 0.

13/18

Properties of smooth convex functions

Proof: The necessity follows from adding the inequalities
F(x) = F(y) + F ()T (x =), Fly) = FE)+F ()T (y —x).

To show the sufficiency, assume that the inequality
(f'(x) — f'(¥))T(x — y) > 0 holds for all x,y € R". Denote by
xr =x+ 7(y — x). Then

1
fx) + Of Fix+7(y =) (y = x)d7

fly) =

y
Fx)+ ()T (y —x) + 0fl(f’(xr) —f'(x))T(y = x)dr

Il

-
Py

>

)+ ()T (y —x) +
£(x)+ ()T (y — x).

() = F1(0))T (3 — x)dT

O —r

[\

14/18

Properties of smooth convex functions

Recall the second-order characterization of a convex function...

Theorem (2.1.4)

Two times continuously differentiable function f belongs to
F2(R") if and only if for any x € R" we have

f"(x) = 0.

15/18

Properties of smooth convex functions

Lemma (2.1.2)
Iff e fl(R”’), beR™and A: R" — R™ then

#(x) = f(Ax + b) € FLR").

Proof: For x,y € R", denote by x = Ax+ b,y = Ay + b. We have

oy)=1f(y) > fR)+F(X)T(7-%)

= ¢(x)+ (X)) TAly — x)
+(ATF(x)T(y — x)
x)+¢/(x)7(y = x).

|
© e e ™
=EEA
XXX

{¢/(x) = ATf'(Ax+ b)} =

16/18




Properties of smooth convex functions
Theorem (2.1.5)

Each conditions below, holding for all x,y € R" and « € [0, 1], are

equivalent to inclusion f € le’l(R”):

0<fy) = f(x) = F(x)T(y = x) <

L
Sy )

Fx)+ ()T (y —x) + il\f'(X) ~FIP<f), (@

%Ilf'(X) = PP < (F() = )T (x =), ®3)

(F() = Fy)T(x = y) < LlIx

af(x)+(1—a)f(y) > f(ax+(1—a)y)+a(12

—yI% (4)

Dy -,

(5)

af (x)+(1—-a)f(y) < flax+(1-a)y)+a(l —a)éllx—y||2~ (6)

17/18

Properties of smooth convex functions

The following theorem characterizes the class ff’l(R"):

Theorem (2.1.6)

Two times continuously differentiable function f belongs to
ff’l(R”) if and only if for any x € R" we have

0= f"(x) = Ll

18/18




