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Optimal methods

Next, we need to make sure that the condition of Lemma (2.2.1) is
satisfied. Assume that we already have xj such that

Pk = Fxk).

Then by the above lemma, we have
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Since f(x) > f(yi) + f'(yi) " (xk — yk), we get
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We want to have ¢} ; > f(xky1)...

Optimal methods
From f(x) — f(y) < f'(y)"(x — y) + [Ix — y||?, we can ensure
the inequality

70— 5 IF (I > )

by, e.g., taking the gradient step xx+1 = yk — hef'(yk) with hx = %
and using the inequality f(y) — f(x) — f/(x)T(y — x) < §||x — y||?
with y = x+1 and x = yj. Let us define o as follows:

Lok = k41 = (1 — ak) vk + axpe.

Then = 2—1L and we have
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Since we are free to choose yi, we can find it from the equation
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(vik = y) + x« —Yk) .

(vik = yk) + xk — yk = 0,

yielding Yk =

General scheme of optimal method

0. Choose xg € R™ and ~p > 0. Set vp = xp.
1. k-th iteration (k > 0):

a) Compute oy € (0,1) from equation
La,z( = (1 — ak)vk + akp.

Set Vi1 = (1 — ax)vk + akp.
b) Choose
oYk Vk T+ Yk Xk

T wtarp

and compute f(yx) and f'(yx).
c) Find xx41 such that

Flxken) < F) — o 1 (I

_ (=) vevitarmyr—axf' (vi))
d) Set viip1 = B .




Optimal methods

Theorem (2.2.1)

The above scheme generates a sequence {xy : k > 0} such that
* * (0] *112
) = 1 < Mlf (o) = £+ Do — " 2,

k=1
where A\o =1 and M\ = T] (1 — o).
i=0
Proof: Choose ¢o(x) = f(x0) + 2 x — wo||*>. Then f(x0) = &
and we get f(xx) < ¢} for any k. Therefore, we can apply Lemma
(2.2.1) O

Optimal methods

To estimate the rate of convergence of {f(xx) : k > 0}, we can use
the rate of convergence of {\}.

Lemma (2.2.4)
If v0 > 1 then

Optimal methods

Theorem (2.2.2)

Choose o = L. Then our scheme generates a sequence
{xk : k > 0} such that

Flxe) — F* < Lmin{(l— \/@k (k+42)2} 70 — |2

This means that our scheme is optimal for unconstrained
minimization of functions from Si’i(R"), w>0.

Optimal methods
Proof: We will use a property of f € f,}’l(R”):

L
F(y) = F(x) = F109T(y = x) < SlIx = yI1%, W,y €R".
Since for y = x*: f/(x*) = 0, we have
* L * 12
o)~ £ < o 12

Hence, from the previous theorem and lemma,

Fow) = < Alf(x0) = £+ B lxo — x*|°]
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Next, we will show that our scheme is indeed optimal for S}L’i(R").
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Optimal methods
Recall the lower complexity bound for S;i(R”):

T~ 2k
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where Qf = L/, R = ||xo — x*||. Hence, if f(xx) — * <, we

have
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For our scheme:

Fxi) — F* < LR? (1 - \/m)k < LR?exp (—\/%) .

To get an upper bound on k for our method, we have:

k 1 w
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Optimal methods

Thus, we have:

-1 1
7?{Ing+ln%+2ln.‘?}

and

k<\/Qr {In1+lng+2lnR},
€

and the main term in the upper bound, /Qr In % is proportional
to the lower bound.

So, the proposed method is indeed optimal for Sii(]R") |
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Optimal methods

If we use the constant-step gradient iteration to find xx41 in our
general scheme, we obtain the following scheme.
0. Choose xg € R™ and o > 0. Set vy = xp.
1. k-th iteration (k > 0):
a) Compute oy € (0,1) from equation

La? = (1 — ak)yk + axp.

Set Y41 = (1 — o)y + Qups.

b) Choose

QUi Vi + Vi1 Xk
Yk + Qe ph

and compute f(yx) and f'(yk).

Yk =

c) | Set xkr1 =y — £/ (k)

_ (=) vevktakpyr—arf’ (}’k))
Yh+1

) Set Vk+1 =
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Optimal methods

Note that
Yk = e (kTR VK F Y1 Xk) = Vi = W#
Xer1 = yi— 1 (vi),
Vkpl = 7kiﬂ[(1 — ap) Tk VK + arprye — af'(yi))]
1-
= [ (o + )y — mlxk) + oy — auf' ()]
_ 1 |- ak)’Yk _ ak '
= 5o Vi + 11k Xk — 5.5 (vi)
= Xk + ;k(yk — Xk) — Tka ( ) [since Yia1 = (1 — ap)vk + app = chi]
= X+ (ka — xk). Hence,
Yirr = m(ak+l’¥k+l Viert + Y+2Xk+1)
= X1+ Be(Xg1 — Xk)s
where 3, = it tksn(—ax)

ar(Veritokip)
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Optimal methods

Since
2

apl = (1 — o)k + pak = Yrg1s

we have

ﬁk — wk+1"/k+1(1*wk) — Dék+1’Yk+1(1*Dék)
k(Y1 teusin) — on(vgrtod g L—(1—aks1)ves1)
_ Yerr(l—aw) ou(l—ay)
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Note that

ajyr = (1 — oup1)af + %Oém-l,

so we can completely eliminate the sequence {x : k > 0}.
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Optimal methods

We obtain the following scheme.
0. Choose xg € R" and ag € (0, 1).
Set yp = xp and g = p/L.

1. k-th iteration (k > 0):

a) Compute f(yx) and f'(yx). Set

1 !
Xer1 = Vi = 7 (v)-
b) Compute a1 € (0,1) from equation
g1 = (1= akp1)ag + gagr.

Set By = ar(l—ay)

aZ+ogr !
Yk+1 = Xk4+1 + ﬁk(xk+1 - Xk)~
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Optimal methods

Theorem (2.2.3)

If in the above scheme

0402\/%7

then
k
* . 4L
o) — £ < min {(1*\/%) W}
x[f(x0) — £+ Zx0 — x*[1?],
where g = 7a°(ffé;“ ),

Proof: The condition ag >

the statement of this theorem follows from Theorem (2.2.1) and
Lemma (2.2.4). O

i is equivalent to vg > . Therefore
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Optimal methods

If we choose ag = / /L then vo = i, o = +/ /L, Bk = ﬁ;%

and we obtain the following scheme.

0. Choose yp = xg € R".

1. k-th iteration (k > 0):
Xk+1 = Yk — %f/(Yk)7

L7
Yk+l = Xks1t+ %(Xk+1 — Xk)-

16/16




