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Abstract

This paper proposes clique relaxations to identify clusters in biologi-
cal networks. In particular, the maximum n-clique and maximum n-club
problems on an arbitrary graph are introduced and their recognition ver-
sions are shown to be NP -complete. In addition, integer programming
formulations are proposed and the results of sample numerical experi-
ments performed on biological networks are reported.
keywords: n-cliques, n-clubs, clique relaxations, social networks, biolog-
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1 Introduction

In this post-genomic era, several biological interactions are well captured by net-
works such as “protein-protein interaction networks” and “gene co-expression
networks”. Study of such biological networks and other complex networks such
as the internet and the world wide web have received special attention from
scientists because of their interesting properties and the information they hold.
In this respect, the concept of scale-free networks [3, 7] is a recent development.
It has been observed that the degree distribution of a large number of such
complex networks follow a power law. As a consequence, average degree is no
longer representative and a majority of the nodes have few neighbors while a
smaller number of nodes have very high degrees. The principle of preferential
attachment which suggests that the new nodes have a higher probability to link
to nodes that already have a high degree, is used to explain the power-law de-
gree distribution of such scale-free graphs. In addition these networks are also
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hierarchical in the sense that they can be partitioned into a collection of func-
tional modules. Analysis of several biological networks provides strong evidence
that biological networks are both scale-free and modular. Identifying large clus-
ters or functional modules in biological networks can aid different objectives
depending on the nature of these networks. Clique models have been most pop-
ular in this area as they represent “tight clusters” in a network. Cliques have
been used to cluster gene co-expression networks, where vertices are genes and
an edge exists between two vertices if the corresponding genes are co-expressed
with correlation higher than a specified threshold [27, 22]. Cliques and high
density subgraphs have also been used to cluster protein interaction networks
in [29, 17]. A protein interaction network is represented by a graph with the
proteins as vertices and an edge exists between two vertices if the proteins are
known to interact. However, clique models could be overly restrictive in de-
scribing clusters in such networks. Graph theoretic clique relaxations that are
used in social network analysis for identifying cohesive subgroups can provide
interesting insights into these networks and provide more information than what
is revealed by cliques. Relaxing the restrictions imposed by clique models could
reveal new protein interactions. In particular, structures where interactions of
proteins occur through a central protein, which are likely to be found in similar
biological processes, can be identified [6] by the models suggested in this paper.

Besides biological networks, cohesive subgroups can be used to cluster airline
networks where reachability is a critical issue. An important classical application
of cohesive subgroups is the study of terrorist and other criminal networks [12,
5, 15]. More recently these models have been used to study web graphs in
internet research [30] to facilitate organization and faster retrieval of information
from the web. These approaches have also been used in clustering wireless
networks [23] and for other graph based data mining applications [13, 31, 16].

In this paper, these models are applied to biological networks to identify
large clusters that are distance based relaxations of cliques. Before presenting
these clique relaxation models, the notation used and other required definitions
will be presented.

Consider a simple undirected graph G = (V, E) with vertex set V and edge
set E. Let dG(u, v) denote the length of a shortest path (in number of edges)
between vertices u and v in G and diam(G) = max

u,v∈V
dG(u, v) be the diameter

of G. For a subset of vertices S ⊆ V , G(S) denotes the subgraph induced by S
on G, G(S) = (S, S × S ∩ E).

A clique C is a subset of V such that the subgraph G(C) induced by C
on G is complete. A clique is maximal if it is not a subset of a larger clique,
and maximum if there is no larger clique in the graph. The maximum clique
problem is to find a clique of maximum cardinality. The clique number ω(G)
is the cardinality of a maximum clique in G. The maximum clique problem
has been extensively studied in terms of its complexity, mathematical program-
ming formulations, exact, approximate and heuristic algorithms, and numerous
applications. See [8] for a survey of the maximum clique problem and related
references. Among other applications, cliques are often used to represent clus-
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ters of similar elements. For example, in social networks, a clique represents a
group of people such that any two of them have a certain kind of relationship
(friendship, acquaintance, etc.) with each other [26]. In fact, some of the earli-
est works addressing the concept of cliques and methods of their detection were
motivated by applications in sociometry [25, 24, 20].

The clustering problems studied in this paper deal with “relaxations” of
the idea of a clique, in which, for any two vertices, the requirement of their
connectedness is replaced with a less tight condition on the distance between
them. We first state the corresponding definitions of n-clique, n-clan and n-club
as they originally appeared in the literature. Following which, we will point out
some drawbacks in these definitions and modify them according to standard
definitions of similar concepts in graph theory. It is not surprising that the
clustering concepts of interest first appeared in studying cohesive subgroups in
social networks, where the vertices correspond to “actors” in a social network
and an edge indicates a relationship between two actors [32].

Luce [24] defines an n-clique of G as a subset of vertices C ⊆ V such that
for all u, v ∈ C : dG(u, v) ≤ n and this subset is maximal by inclusion. In
other words, an n-clique C is a set of vertices in which any two vertices are a
distance of at most n from each other in G, and no other vertex in the graph
is of distance n or less from every other vertex in C. Thus, if two vertices
u, v ∈ V belong to an n-clique C, then dG(u, v) ≤ n, however this does not
imply that dG(C)(u, v) ≤ n. For example, Figure 11 shows a graph in which
the subset of vertices C1 = {1, 2, 3, 4, 5} forms a 2-clique, however the distance
between vertices 1 and 5 in the subgraph induced by C1 is 3. Hence, the concept
of n-clique lacks the requirement of “tightness” in the group corresponding to
vertices of an n-clique, while such a requirement is essential to applications in
social networks. This observation motivated Alba [2] to introduce the concept
of a “sociometric clique”, which was later renamed to “n-clan” by Mokken [26].
An n-clique C is called an n-clan if the diameter of the induced subgraph G(C)
is no more than n. Finally, Mokken [26] defines an n-club to be a maximal
(by inclusion) subset of vertices, D ⊆ V such that the diameter of the induced
subgraph G(D) is at most n. To highlight the differences between the three
structures, we turn to the graph in Figure 1. In this graph, the 2-cliques are
given by C1 = {1, 2, 3, 4, 5} and C2 = {1, 2, 4, 5, 6}. It is easy to see that C1 is
not a 2-clan or 2-club, since the diameter of induced subgraph G(C1) is 3. Since
any n-clan is an n-clique, the only 2-clan in this graph is given by C2. Lastly,
the 2-clubs of this graph are D1 = {1, 2, 3, 4}, D2 = {2, 3, 4, 5} and D3 = C2.
A study of relations between cliques, clans and clubs in a graph can be found
in [26].

Even though the concepts just defined are used quite extensively in social
networks analysis and are even covered in standard textbooks (see, e.g., [32]),
their definitions have some deficiencies from the mathematical viewpoint. One
considerable drawback of the n-clan definition is that for some graphs an n-clan

1A similar example first appeared in Alba [2] and was subsequently adopted by other
authors.
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Figure 1: An example graph.
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Figure 2: A graph with no 2-clans.

may not exist. This point is illustrated in Figure 2, which shows a graph with
two 2-cliques {1, 2, 3, 4, 5, 6, 7} and {1, 2, 3, 5, 6, 7, 8}, neither of which is a 2-clan.

Some other difficulties arise from the requirement of maximality (by inclu-
sion) in all three definitions. In particular, this requirement makes checking
whether a given subset of vertices is an n-club a nontrivial matter. Indeed, to
check that C is an n-clique, it suffices to show that there is no vertex outside
C that could be added to C without violating the requirement that all pair-
wise distances between vertices do not exceed n. A similar criterion would not
work for n-club, however, since in this case the maximality by inclusion is not
equivalent to nonexistence of one vertex that could increase the size of the n-
club [26]. As an example, consider the graph in Figure 1. For the subset of
vertices C = {1, 5, 6} of this graph, the subgraph induced by C has diameter
2. Appending one of the vertices 2 or 4 to C would increase the diameter of
the induced subgraph, however if both vertices are added, the diameter of the
resulting induced subgraph is still 2.

Taking into account that the above definitions of 1-clique, 1-clan and 1-club
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all correspond to the standard definition of a maximal clique, we propose to
modify the definitions of n-clique and n-club accordingly. From now on, by an
n-clique of graph G = (V, E) we will mean a subset of vertices C, such that
for any u, v ∈ C: dG(u, v) ≤ n. Similarly, by an n-club we will understand a
subset of vertices D such that diam(G(D)) ≤ n. A similar definition of n-clan
becomes redundant. The example in Figure 2 suggests the impracticality of
such a concept, so we do not consider n-clans in the further discussion. By
a maximal n-clique (n-club) we will mean an n-clique (n-club) that is not a
subset of a larger n-clique (n-club). Finally, a maximum n-clique (n-club) is an
n-clique (n-club) of the largest size in the graph. Given a graph G = (V, E) and
a positive integer n, the maximum n-clique problem is naturally defined as the
problem of finding a largest n-clique in G. We denote the n-clique number of
graph G, which is the cardinality of a maximum n-clique of G, by ωn(G). The
maximum n-club problem is defined likewise, with ω̄n(G) denoting the n-club
number of G.

Even though the concept of cohesive subgroups is borrowed from social net-
work analysis, these ideas are applicable to any network, and finding these
cohesive subgroups can reveal several important structural aspects of the net-
works. Despite a number of important practical applications, the combinatorial
optimization problems concerned with finding large n-cliques and n-clubs have
not been well studied analytically or computationally. In fact, little has been
known about the complexity of such problems and mathematical programming
approaches have not been developed. This paper addresses some of these issues.

In Section 2 we show that the recognition versions of the maximum n-clique
and maximum n-club problems are NP -complete for any fixed n. Section 3
provides mathematical programming formulations of these problems. Section 4
studies the 2-club problem, including its polyhedral properties and the results
of sample numerical experiments are presented in Section 5. Finally, Section 6
concludes the paper.

2 Computational Complexity

Before stating the complexity results, we introduce the recognition version of
each problem. The n-Clique (n-Club) problem is defined as follows: Given
a graph G = (V, E) and positive integers n and k, does there exist an n-clique
(n-club) of size ≥ k in G?

Theorem 1 The n-Clique and n-Club problems are NP -complete for any
positive integer n.

Proof: To prove NP -completeness of a problem P, it suffices to show that [18]

1. P ∈ NP ;

2. Some known NP -complete problem is polynomially reducible to P.
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Note that for n = 1 both problems coincide with Clique problem, which
is a well-known NP -complete problem. So, we consider n > 1. Given a “yes”
instance of n-Clique (n-Club), any n-clique (n-club) of size ≥ k can be used
as a certificate to verify that this is indeed a “yes” instance in polynomial time.
Thus, n-Clique and n-Club are in NP . To complete the proof, we reduce
Clique, which is a well known NP -complete problem, to n-Clique (n-Club).
Let G = (V,E) be an instance of Clique which we assume does not contain
isolated vertices, as no isolated vertex can be included in any clique of size two
or more. We construct a corresponding instance of n-Clique (n-Club) which
is a (bn/2c+2)-partite graph G′ = (V ′, E′). We define the vertex set as a union
of bn/2c copies of V , a copy of E and one more auxiliary vertex 0:

V ′ = ∪bn/2c
i=1 V (i) ∪ E ∪ {0},

where V (i) = {1(i), 2(i), . . . , N (i)} is the i-th copy of V , i = 1, . . . , bn/2c. For
any v ∈ V , by v(i) ∈ V (i) we denote the i-th copy of v. The edge set connects
copies of the same vertex in V (i) and V (i+1), i = 1, . . . , bn/2c − 1. A vertex
vbn/2c in V bn/2c is connected to a vertex e ∈ E if v is an endpoint of e in G.
Finally, all vertices from E in G′ are connected to 0. To summarize,

E′ = ∪bn/2c−1
i=1 {(v(i), v(i+1)) : v ∈ V }
∪{(v(bn/2c), e) : v ∈ V, v is an endpoint of e in G}
∪{(e, 0) : e ∈ E}.

Figure 3 shows graph G′ corresponding to graph G from Figure 1 for n = 5.
Graph G′ contains bn/2c|V |+ |E|+1 vertices and can obviously be constructed
in time polynomial with respect to the size of G.

Our reduction is based on the observation that G has a clique of size k if
and only if G′ has an n-clique (n-club) of size k +(bn/2c−1)|V |+ |E|+1. Note
that G′ is connected and diam(G) ≤ 2(bn/2c) + 2. Indeed, in G′, all vertices of
V ′ \V (1) can be included in any n-clique (n-club). Two vertices u(1), v(1) ∈ V (1)

belong to the same n-clique (n-club) in G′ if and only if (u, v) ∈ E in G. Thus,
n-Clique and n-Club are NP -complete problems for any positive integer n.
2

It is known that many massive networks arising in various applications have a
relatively small diameter. This observation is commonly referred to as the small
world phenomenon [4, 33, 34]. Therefore, the clustering problems on graphs of
small diameter are of particular interest. This motivates us to consider the
n-Clique and n-Club problems on graphs of fixed diameter. Note that if
diam(G) ≤ n then both the maximum n-clique problem and the maximum n-
club problem are trivial as G is the maximum n-clique (n-club), therefore we
are only interested in the case where diam(G) > n. For any d > n, we define
the n-Clique(d) (n-Club(d)) problem as follows: Given a graph G of diameter
d and positive integers n and k, does there exist an n-clique (n-club) of size ≥ k
in G?
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Figure 3: An illustration to the proof of NP -completeness for n = 5.

Theorem 2 For any fixed positive integer n and d > n, the n-Clique(d) and
n-Club(d) problems are NP -complete.

Proof: Obviously both considered problems are in NP . To complete the proof
we reduce Clique to n-Clique(d) and n-Club(d). We first prove the statement
for n = 1. Given G = (V, E) with no isolated vertices and d > 1, we construct
a graph Ĝ = (V̂ , Ê) of diameter d as follows.

V̂ = V ∪ {ui : i = 1, . . . , d};
Ê = E ∪ {(v, u1) : v ∈ V } ∪ {(ui, ui+1) : i = 1, . . . , d− 1}.

Then G has a clique of size k if and only if Ĝ has a clique of size k + 1 and the
proof is complete for n = 1.

If n > 1, we consider two cases, for odd and even n. If n is odd, then we use
the same construction of graph G′ as in the proof of Theorem 1 to reduce Clique
to n-Clique(d) and n-Club(d). This is true since diam(G′) ≤ n + 1 ≤ d when
n is odd and G has a clique of size k if and only if G′ has an n-clique (n-club)
of size k + (n−1

2 − 1)|V | + |E| + 1. If n is even, a similar construction can be
used (see Figure 4) to prove the reduction. As before, we use n/2 copies of V
and a copy of E for the vertex set of the constructed graph G′′ = (V ′′, E′′).

V ′′ = ∪n/2
i=1V

(i) ∪ E.

The edge set E′′ is also similar to E′ in the previous construction, but instead
of connecting vertices from the copy of E to an auxiliary vertex, we make the
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Figure 4: An illustration to the proof of Theorem 2 for n = 4.

subset of vertices corresponding to E a clique.

E′′ = ∪n/2−1
i=1 {(v(i), v(i+1)) : v ∈ V }
∪{(v(n/2), e) : v ∈ V, v is an endpoint of e in G}
∪{(e1, e2) : e1, e2 ∈ E, e1 6= e2}.

Once again, diam(G′′) ≤ n + 1 ≤ d and G has a clique of size k if and only if
G′′ has an n-clique (n-club) of size k + (n/2− 1)|V |+ |E|. This completes the
proof of NP -completeness on fixed diameter graphs. 2

These complexity results illustrate two important facts. Firstly, these gener-
alizations are hard to solve not only because they generalize cliques, but because
they are hard in their own respect (NP -complete for any n). Secondly, the tran-
sition in complexity is also sudden, while the problems are easily solved under
trivial circumstances when diameter is bounded above by n, but immediately
become NP -complete whenever diameter of the graph is strictly larger than n.

3 Integer Programming Formulations

This section presents integer programming (IP) formulations for the maximum
n-clique and maximum n-club problems.

3.1 Maximum n-clique problem

There are a number of known mathematical programming formulations of the
maximum clique problem [8], including integer programming formulations and

8



nonlinear programming approaches [1, 10]. Similar formulations can be applied
to the maximum n-clique problem on a graph G = (V, E) by reducing it to
the maximum clique problem on the nth power of G, Gn = (V,En), where
En = {(i, j) : i, j ∈ V, i < j, dG(i, j) ≤ n}. Gn is constructed from the original
graph by adding edges corresponding to all pairs of vertices with distance no
more than n between them in G. Consider the following formulation for n-clique.

ωn(G) = max
∑

i∈V

xi (1)

subject to:

xi + xj ≤ 1 +
n

dG(i, j)
∀ i, j ∈ V : i < j

xi ∈ {0, 1} ∀ i ∈ V

The constraint ensures that two vertices with dG(i, j) > n are not simultane-
ously included in a n-clique, but becomes redundant for pairs of vertices with
dG(i, j) ≤ n. Since for all pairs of vertices, the shortest path distance is known,
the constraint in the system can be replaced by

xi + xj ≤ 1 ∀ (i, j) ∈ {(i, j) : i, j ∈ V, i < j, dG(i, j) > n} = En.

The formulation then becomes a maximum clique formulation on Gn. Note
that even though the existing heuristics and algorithms for maximum clique
problem can be applied to the power of the graph to solve the maximum n-
clique problem, their performance may be poorer as the edge density is higher
in Gn.

3.2 Maximum n-club problem

The following integer program describes the n-club number.

ω̄n(G) = max
∑

i∈V

xi (2)

subject to:

xi + xj ≤ 1 +
∑

l:P l
ij∈Pij

yl
ij ∀ (i, j) /∈ E

xp ≥ yl
ij ∀ p ∈ V (P l

ij), P l
ij ∈ Pij , (i, j) /∈ E

xi ∈ {0, 1} ∀ i ∈ V

yl
ij ∈ {0, 1} ∀ P l

ij ∈ Pij , (i, j) /∈ E

9



where Pij is an indexed collection of all paths of length at most equal to n
between vertices i, j in G and P l

ij is the path with index l between vertices i, j .
The formulation essentially ensures that if two vertices are in a n-club, then all
the vertices in at least one path between them with length less than or equal to
n are also included in the n-club.

4 Maximum 2-Club Problem

An IP Formulation for the maximum 2-club problem can be induced from the
formulation for the maximum n-club problem in the previous section. Thus,
the 2-club number ω̄2(G) of a graph G = (V, E) admits the following integer
programming formulation:

ω̄2(G) = max
∑

i∈V

xi (3)

s.t. xi + xj −
∑

k∈N∩(i,j)

xk ≤ 1, for all (i, j) /∈ E;

xi ∈ {0, 1}, for all i ∈ V,

where N∩(i, j) denotes the common neighborhood of vertices i, j in G, i.e.
N∩(i, j) = N(i) ∩ N(j). The formulation ensures that if two vertices are in
a 2-club and they do not have an edge between them, then they have at least
one common neighbor inside the 2-club. In the next subsection we study the
2-club polytope and establish some basic results.

4.1 The 2-club polytope

In this section, unless noted otherwise, we denote by G = (V, E) a simple
undirected connected graph with vertex set V such that |V | ≥ 2 and edge set E
and by Ḡ = (V, Ē), its complement. Let M1 be the edge-vertex incidence matrix
of Ḡ. The rows of M1 correspond to edges eij ∈ Ē and the columns correspond
to vertices i ∈ V . The entries are all 0 except for (eij , i) and (eij , j) for every
eij ∈ Ē which are 1. Let M2 be the matrix denoting the common neighborhood
of i, j for every eij ∈ Ē. The rows of M2 correspond to edges eij ∈ Ē and the
columns correspond to vertices i ∈ V . All entries are 0 except for (eij , k) for all
k ∈ N∩(i, j) which are 1. Now, let A = M1 −M2. Then formulation (3) can be
rewritten as:

ω̄2(G) = max{1T x : Ax ≤ 1, x ∈ {0, 1}|V |} (4)

where 1 is vector of appropriate dimension with each component equal to 1.
Define the set of feasible binary vectors Q as

Q = {x ∈ {0, 1}|V | : Ax ≤ 1} (5)

Then the 2-Club Polytope is given by

P2C = conv(Q) (6)
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where conv(Q) denotes the convex hull of Q.

Theorem 3 Let P2C denote the 2-Club polytope of a given graph G = (V,E).

1. dim(P2C) = |V |.
2. xi ≥ 0 induces a facet of P2C for every i ∈ V .

3. For any arbitrary i ∈ V , xi ≤ 1 induces a facet of P2C if and only if
dG(i, j) ≤ 2 ∀ j ∈ V .

Proof: We will use following notations in the proof. Let ei be the unit vector
with ith component 1 and the rest 0; eij = ei + ej and eijk = ei + ej + ek.

1. This is trivial and can shown by demonstrating |V | + 1 feasible affinely
independent points in P2C . The points 0, e1, e2, . . . , e|V | are clearly |V | + 1
affinely independent points in P2C ⊂ R|V |. Hence dim(P2C) = |V |.
2. Let F 0

i = {x ∈ P2C : xi = 0}. Then 0, ek for all k ∈ V \ {i} form |V | affinely
independent points in F 0

i indicating that dim(F 0
i ) = |V | − 1 and it is a facet.

3. For a fixed i ∈ V , suppose that dG(i, j) ≤ 2 ∀ j ∈ V . We wish to show
that F 1

i = {x ∈ P2C : xi = 1} is a facet. Then let Sp = {j ∈ V : dG(i, j) = p}.
Note that S0, S1, S2, partition V and S0 = {i}, S1 = N(i). We now establish
the maximality of F 1

i thereby making it a facet. Suppose there exists a valid
inequality αT x ≤ β such that, F = {x ∈ P2C : αT x = β} ⊇ F 1

i . Note that
ei, eij ∀ j ∈ S1 are also contained in F 1

i . Also for every k ∈ S2, there exists a
j ∈ S1 such that j ∈ N∩(i, k). Hence eijk ∀ k ∈ S2 for some j ∈ S1 are also in
F 1

i . These |V | points are also contained in F . ei ∈ F ⇒ αi = β (by substituting
for x in αT x = β). Similarly we get αi + αj = β ∀j ∈ S1 ⇒ αj = 0 ∀j ∈ S1.
From the remaining points we obtain αi + αj + αk = β ∀ k ∈ S2 and for some
j ∈ S1. Since αi = β, αj = 0 ∀j ∈ S1, we get αk = 0 ∀k ∈ S2. This shows that
F 1

i = F is a maximal face, i.e. a facet. Alternately, we could argue that the |V |
points used are affinely independent.

To establish the other direction, we need to show that, if F 1
i = {x ∈ P2C :

xi = 1} is a facet then dG(i, j) ≤ 2 ∀ j ∈ V . We establish the contrapositive
by showing that if there exists a j ∈ V such that dG(i, j) > 2 then F 1

i =
{x ∈ P2C : xi = 1} is not a facet. When such a j exists, we know that
(i, j) /∈ E and N∩(i, j) = ∅. Then for this j, the constraint in the system
xi + xj −

∑
k∈N∩(i,j) xk ≤ 1 reduces to xi + xj ≤ 1 which dominates xi ≤ 1.

Hence F 1
i cannot be a facet. 2

Theorem 4 Let P2C denote the 2-Club polytope of a given graph G = (V, E)
and let I denote a maximal 2-independent set in G. Then

∑

i∈I

xi ≤ 1 (7)

induces a facet of P2C .
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Proof: Since I is a maximal 2-independent set in G, no two vertices from
that set can be simultaneously present in a 2-club, as by definition dG(i, j) >
2 ∀ i, j ∈ I. Hence (7) is a valid inequality of Q and in turn P2C . We now
establish the maximality of the face FI = {x ∈ P2C :

∑
i∈I xi = 1}, thereby

showing it is a facet. Suppose there exists a valid inequality αT x ≤ β such
that, F = {x ∈ P2C : αT x = β} ⊇ FI . Since ei ∈ FI ⊆ F ∀ i ∈ I, we have
αi = β ∀ i ∈ I. Now for every j ∈ V \ I, there exists a vertex i ∈ I such that
at least one of the following two conditions are satisfied:
1. (i, j) ∈ E and so eij ∈ FI ⊆ F ;
2. N∩(i, j) 6= ∅, i.e. they have a common neighbor k ∈ V \ I in which case
eikj , eik ∈ FI ⊆ F .
Now for every j ∈ V \ I, in the first case we obtain, αi + αj = β ⇒ αj = 0 and
in the second case we obtain αi +αk +αj = β and αi +αk = β ⇒ αj = αk = 0.
Thus, FI = F is a facet. 2

4.2 Lower bounds

A lower bound can be obtained by observing that complete bipartite graphs have
diameter 2 and form ‘edge essential’ 2-clubs. That is, if we remove any edge from
a complete bipartite graph, its diameter increases to 3. Hence we know that, if
the size of the largest complete bipartite subgraph (not necessarily induced) of
G is b∗, then ω̄2(G) ≥ b∗ ≥ b ≥ ∆ + 1, where b is the size of a largest known
complete bipartite subgraph of G and ∆ is the maximum degree. A vertex of
maximum degree with its neighbors (star subgraphs) is an easy-to-find complete
bipartite subgraph of G and hence the bound. The need for b, computed from
heuristic or other techniques arises because of the fact that finding b∗ is NP -
hard [18, p. 195]

Every clique is also a 2-club (actually with one more connected vertex when
it exists) and every 2-club is also a 2-clique. Maximum clique is again a popular
NP -hard problem and as before, we can say that ω2(G) ≥ ω̄2(G) ≥ ω(G) ≥ c
where c is the size of a known clique.

5 Preliminary Numerical Results

For the numerical experiments, two popular protein interaction networks were
chosen. The first network is the protein-protein interaction map of the yeast
Saccharomyces cerevisiae [21] and the second is the protein-protein interaction
map of a gastric pathogen Helicobacter Pylori [28, 9].

As mentioned before, both these networks exhibit power-law degree distribu-
tion as shown in Figure 5 and Figure 6. Table 1 and Table 2 contain information
on the order and the number of connected components of that order in S. cere-
visiae protein network and H. Pylori protein network respectively. Figure 7
graphically illustrates the protein-protein network of H. Pylori.

A maximum clique, 2-clique and 2-club were found on both these networks
and a maximum 3-clique was found in S. cerevisiae using exact approaches.
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Figure 5: Degree distribution, in logarithmic scale, for the protein network of
S. Cerevisiae. Xk is the number of vertices of degree k.
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Figure 6: Degree distribution, in logarithmic scale, for the protein network of
H. Pylori. Xk is the number of vertices of degree k.

Table 3 contains this information. Clique, 2-clique and 3-clique numbers were
found by applying Carraghan-Pardalos algorithm [11] for maximum clique on
G, G2 and G3 respectively. 2-Club number was found by solving the IP for-
mulation (3) using CPLEXr [14]. However, in order to solve the maximum
2-club problem on these graphs, some preprocessing techniques were used to
reduce the size of the instances.

Denote the closed neighborhood of a set of vertices by

N [X] =
( ⋃

i∈X

N(i)
) ∪X.

Since ω̄2(G) is bounded below by ∆+1, a vertex v such that |N [N [v]]| < ∆+1
cannot be in any optimal solution and can be removed from the graph. This
approach can be used to reduce the size of the instance. The reduced instance
was decomposed into subproblems externally by setting xv = 1 for a non-leaf
vertex v in the reduced graph and deleting all vertices that are at distance 3
or more from the graph. We consider only non-leaf vertices because if a leaf
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Figure 7: Protein-protein interaction map of H. Pylori.

vertex is in a maximum 2-club, then so is its neighbor. This yields the largest
2-club containing v. Now we can delete v and repeat this process. The following
pseudo-code summarizes this procedure.

Pre-processing: Input G = (V, E)
1. Find maximum degree ∆ in G.
2. Find X = {v ∈ V : |N [N [v]]| < ∆ + 1}.
3. If X 6= ∅ then let G = G(V \X) and go to step 1.
4. Return G.

Decomposition Algorithm: Input G = (V, E)
1. Let G = Pre-processing(G).
2. Pick a vertex v ∈ V (G) with degree at least 2.
3. Solve the IP formulation (3) for G(N [N [v]]) with the additional constraint

14



xv = 1 using CPLEX.
4. Let G = Pre-processing(G− v).
5. If G has a vertex of degree at least 2 go to step 2; else return the largest
2-club encountered as optimum.

A Pentiumr 4 1.4GHz laptop computer was used in the experiments and
the run-times were under a minute in cases where the optimum was obtained.
In both biological networks, it turned out that the maximum 2-clique and max-
imum 2-club correspond to the same solution (subset of vertices). Figure 8 and
Figure 9 are the maximum 2-clubs (and maximum 2-cliques) of S. Cerevisiae
and H. Pylori respectively. Figure 10 shows the maximum 3-clique that was
found in S. Cerevisiae. Observe that it is also a (maximum) 3-club as they
are basically three star graphs with their central vertices forming a triangle.
Figures 7, 8, 9, 10 were obtained by using the graph visualization software
Graphviz [19].

Table 1: S. Cerevisiae. Vertices: 2114; Edges: 2203; Connected components:
417.
Order #Components Order #Components

1 268 5 5
2 101 6 3
3 25 7 4
4 10 1458 1

Table 2: H. Pylori. Vertices: 1570; Edges: 1403; Connected components: 858.
Order Number of Components

1 850
2 7

706 1

Table 3: Clique, 2-Clique, 2-Club, 3-Clique, 3-Club numbers of S. Cerevisiae
and H. Pylori protein maps.
Network ω(G) ω2(G) ω̄2(G) ω3(G) ω̄3(G)
S. Cerevisiae 6 57 57 68 68
H. Pylori 3 56 56 N/A N/A

6 Conclusion

In this paper we have introduced two cohesive subgroup models, n-cliques and
n-clubs from social network analysis as alternatives to cliques for clustering
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Figure 8: A maximum 2-club and 2-clique of S. Cerevisiae.

Figure 9: A maximum 2-club and 2-clique of H. Pylori.

biological networks. These models can provide useful insights into the struc-
ture of these complex networks. NP -completeness results for these problems
on arbitrary and restricted graph classes are presented and integer program-
ming formulations are proposed for these problems. Basic polyhedral aspects of
the maximum 2-club problem have been investigated and trivial and non-trivial
facets established. Sample numerical experiments on protein-protein interac-
tion networks of S. Cerevisiae and H. Pylori are reported. As it can be seen,
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Figure 10: A maximum 3-clique and 3-club of S. Cerevisiae.

although the maximum clique sizes in this graphs are very small, relaxing their
definitions yielded much larger subsets of vertices that have low diameter. This
systematic graph theoretic relaxation of cliques can hence provide useful insights
into important substructures in a network.
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