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Abstract

A method for constructing test functions for global optimization which
utilizes continuous formulations of combinatorial optimization problems
is suggested. In particular, global optimization formulations for the max-
imum independent set, maximum clique and MAX CUT problems on
arbitrary graphs are considered, and proofs for some of them are given. A
number of sample test functions based on these formulations are proposed.
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1 Introduction

Good test functions are essential for experimental evaluation of optimization
software. Test instances representing problems arising in important practical
applications are especially valuable. In this paper, we present an approach which
allows to generate difficult global optimization test problems of various sizes.
The proposed approach is based on utilizing constrained global formulations of
optimization problems on graphs, which appear in a wide variety of practical
situations.

We start our presentation with a brief review of the literature related to the
subject of our discussion. An insightful study of global optimization software,
test problems and applications by Janos D. Pintér can be seen in [1]. Some of
the popular convex and non-convex test problems can be found in Moré et al. [2],
Dixon and Szegö [3] and Hock and Schittkowski [4]. On the web, several test
problems, useful links and detailed discussions on pertinent issues can be found
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at [5]. In [6] a comprehensive collection of test instances for quadratic program-
ming based on the work of Vicente et al. [7] and Calamai et al. [8] and problems
based on nonconvex quadratic programming formulations of quadratic assign-
ment, maximum clique problem (Motzkin-Straus formulation [9]) and minimum
concave cost transportation problems can be found. A collection of quadrati-
cally constrained problems, polynomial problems and other types of problems
available in the literature can also be found in [6]. In a recent work, Gaviano
et al. [10] present a procedure for generating non-differentiable, continuously
differentiable, and twice continuously differentiable classes of test functions for
global optimization. Their method involves distorting a convex quadratic func-
tion systematically to introduce local minima. Other related references can also
be found in [10].

As we will show in this paper, continuous formulations of combinatorial
optimization problems can be effectively utilized to generate hard test instances
for global optimization software. Using such formulations, one can generate
both small-size and large-scale multiextremal functions which are very useful
for testing purposes.

Organizationally, this paper consists of five sections. In the next section, we
give definitions and notations used in this work. In Section 3 we present some of
the existing and new formulations for selected combinatorial optimization prob-
lems that are to provide the candidate functions for generating test instances.
In Section 4 we discuss some ideas concerning the use of these formulations
for construction of test functions and provide numerous examples. Finally, we
conclude with some closing remarks in Section 5.

2 Definitions and Notations

Let G = (V, E) be a simple undirected graph with vertex set V = {1, . . . , n}
and edge set E ⊆ V ×V . For i ∈ V , let N(i) and di denote the set and number
of neighbors of i in G, respectively. The complement graph of G is the graph
Ḡ = (V, Ē), where Ē is the complement of E. For a subset W ⊆ V let G(W )
denote the subgraph induced by W on G.

A set of vertices I ⊆ V is called an independent set if for every i, j ∈ I,
(i, j) /∈ E, that is the graph G(I) induced by I, is edgeless. An independent set
is maximal if it is not a subset of any larger independent set, and maximum if
there are no larger independent sets in the graph. The maximum cardinality of
an independent set of G is called the independence number of the graph G and
is denoted by α(G). A clique C is a subset of V such that the subgraph G(C)
induced by C is complete. The maximum clique problem is to find a clique of
maximum cardinality. The clique number ω(G) is the cardinality of a maximum
clique in G.

Clearly, I is a maximum independent set of G if and only if I is a maximum
clique of Ḡ. Computation of α(G) and ω(G) for general graphs is difficult as
the maximum independent set and the maximum clique problems are NP-hard
[11]. These problems are very important due to a wide range of their practi-
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cal applications, including information retrieval, signal transmission analysis,
classification theory, economics, scheduling, experimental design, and computer
vision. See [12] for a survey on maximum clique and maximum independent set
problems.

Next, we define another problem on graphs that we will use in this paper.
Given an undirected graph with edge weights, the MAX CUT problem is to
find a partition of the set of vertices into two subsets, such that the sum of
the weights of the edges having endpoints in different subsets is maximized.
This well-known NP-hard problem has applications in VLSI design, statistical
physics, and several other fields [13, 14, 15].

3 Global Optimization Formulations

Recently, several continuous global optimization formulations have been pro-
posed which have led to bounds, approximation algorithms and effective heuris-
tics for maximum independent set, maximum clique and MAX CUT prob-
lems [16, 17, 18, 19, 20, 21, 22, 23, 9]. However, when some of these formulations
are applied to graphs of relatively small or moderate size, they appear to present
a formidable challenge to general purpose global optimization software packages
and hence can be used to generate good test instances for such packages.

Below in this section we will discuss some global optimization formulations
of the maximum clique, maximum independent set and MAX CUT problems.
All of the considered formulations are linearly-constrained, in fact most of them
are box-constrained.

3.1 Maximum Clique/Independent Set Problems

Let AG be the adjacency matrix of G and let e be the n-dimensional vector with
all components equal to 1. For a subset C of vertices its characteristic vector
xC is defined by xC

i = 1/|C| if i ∈ C, xC
i = 0, otherwise, for i = 1, . . . , n.

Theorem 3.1 ((Motzkin-Straus [9])) The global optimal value of the fol-
lowing quadratic program (Motzkin-Straus QP):

max f(x) = xT AGx, (1)

subject to

eT x = 1,

x ≥ 0

is given by

1− 1
ω(G)

,

where ω(G) is the clique number of G. Moreover, a subset of vertices C ⊆ V
is a maximum clique of G if and only if the characteristic vector xC of C is a
global maximizer of the above problem.
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In its original form, the Motzkin-Straus QP has maximizers which are not
in the form of characteristic vectors. Although this property is considered a
drawback when the above formulation is used for computing maximal cliques,
it is rather a useful property for generating global optimization test problems.

Bomze [24] introduced a regularization of Motzkin-Straus formulation by
replacing the objective function in the Motzkin-Straus QP with the function

g(x) = xT

(
AG +

1
2
In

)
x, (2)

where In is the n×n identity matrix. In this formulation, x∗ is a local maximum
if and only if it is the characteristic vector of a maximal clique in the graph. An
effective algorithm for computing all maximal cliques in a moderate size graph
would allow to compute all local maxima for this formulation thus making it an
attractive tool for creating test instances for local, as well as global optimization.
Since the number of maximal cliques in a graph can be as large as 3n/3, where
n is the number of vertices [25], instances with numerous local maxima can be
constructed for testing purposes.

Theorem 3.2 The independence number α(G) satisfies the following global op-
timization formulations:

α(G) = max
0 6=x∈[0,1]n

(
∑

i∈V (G)

xi)2

∑
i∈V (G)

x2
i + 2

∑
(i,j)∈E(G)

xixj
(3)

α(G) = max
x∈[0,1]n

∑

i∈V (G)

xi

∏

j∈N(i)

(1− xj) (4)

α(G) = max
x∈[0,1]n

∑

i∈V (G)

xi −
∑

(i,j)∈E(G)

xixj (5)

α(G) = max
x∈[0,1]n

∑

i∈V (G)

xi

1 +
∑

j∈N(i)

xj
(6)

Proof: Formulation (3) can be obtained from the Motzkin-Straus theorem
(see [22]). Statements (4) and (5) were proved by Harant et al. using proba-
bilistic methods in [23] and [22] respectively. These were also proved determin-
istically in [16]. Note that formulation (5) has been recently used by de Angelis
et al. [19] in numerical experiments with their approach to box-constrained
quadratic optimization. Formulation (6) can be deduced from a more “compli-
cated” result in [22]. Below we provide an alternative deterministic proof.

Denote by f(x) the objective function in (6), i.e.,

f(x) =
∑

i∈V

xi

1 +
∑

j∈N(i)

xj
.
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Let
f(G) = max

0≤xi≤1,i=1,...,n
f(x).

We need to show that f(G) = α(G). Note that f(x) is a continuous function
and [0, 1]n = {(x1, x2, . . . , xn) : 0 ≤ xi ≤ 1, i = 1, . . . , n} is a compact set.
Hence, there always exists x∗ ∈ [0, 1]n such that f(G) = f(x∗).

Next we show that (6) always has an optimal 0-1 solution. Partition V into
three disjoint sets as follows, for some fixed k ∈ V :

V = {k} ∪N(k) ∪ S,

where S = V \ (k ∪N(k)). We can rewrite f(x) in the form

f(x) = xkAk(x) + Bk(x) + Ck(x) (7)

where
Ak(x) =

1
1 +

∑
j∈N(k)

xj
(8)

Bk(x) =
∑

i∈N(k)

xi

xk + 1 +
∑

j∈N(i)\{k}
xj

(9)

Ck(x) =
∑

i∈S

xi

1 +
∑

j∈N(i)

xj
(10)

We now show that f(x) is a convex function with respect to each variable (xk).
For any x ∈ [0, 1]n, we fix xi for all i 6= k, and treat f(x) as a function of single
variable xk ∈ [0, 1]. Observe that xkAk(x) + Ck(x) is linear with respect to xk

as Ak(x), Ck(x) are independent of xk and hence is convex. Bk(x) is a sum of
functions of the form

gi(xk) =
ai

xk + bi
,

where 0 ≤ ai ≤ 1, bi = 1 +
∑

j∈N(i)\{k}
xj , and ai, bi do not depend on xk. The

above function is convex in the region xk > −bi, so

xi

xk + 1 +
∑

j∈N(i)\{k}
xj

is convex as a function of xk for xk > −1− ∑
j∈N(i)\{k}

xj , and hence it is convex

for xk ∈ [0, 1]. Thus Bk(x) is also convex as a function of xk. Therefore,

f(x) = xkAk(x) + Bk(x) + Ck(x) (11)

is a convex function with respect to xk. In fact, f(x) is strictly convex with
respect to xk, unless xi = 0 for all i ∈ N(k). A strictly convex function over
a closed interval can have a local maximum only at an endpoint of the interval
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(in our case 0 or 1). On the other hand, if xi = 0 for all i ∈ N(k) then
f(x) = xk + Ck(x) is linear with respect to xk and its only local maximum as a
function of xk ∈ [0, 1] is attained at xk = 1. Thus, any local maximum of f(x)
as a function of xk would be attained at xk = 0 or 1, the boundary points. This
is true for every k ∈ V and hence any local maximizer x∗ of (6) is a 0-1 vector,
i.e. x∗ ∈ {0, 1}n.

We have now shown that ∃ x∗ ∈ {0, 1}n such that f(G) = f(x∗). To prove
that f(G) = α(G), we establish the inequality in both directions.

1. f(G) ≥ α(G).
Let I∗ be a maximum independent set of G. Construct a feasible solution
x0 of (6) as follows,

x0
i =

{
1, if i ∈ I∗

0, otherwise

Then we have f(x0) = α(G) and hence f(G) ≥ f(x0) = α(G).

2. f(G) ≤ α(G).
Let x∗ be an optimal 0-1 solution to (6). Let f(G) = f(x∗). Without loss
of generality we can assume that the optimal solution is x∗1 = x∗2 = . . . =
x∗r = 1; x∗r+1 = x∗r+2 = . . . = x∗n = 0, for some r. Let V ∗ = {1, . . . , r}.
Then we have:

f(G) = f(x∗) =
∑

i∈V ∗

x∗i
1 +

∑
j∈N(i)

x∗j
=

∑

i∈V ∗

1
1 + |N(i) ∩ V ∗| , (12)

since
∑

j∈N(i)

x∗j = |N(i) ∩ V ∗|. Now consider G̃ = G(V ∗), the subgraph

induced by V ∗.

Wei’s lower bound on the independence number α(G) of an arbitrary graph
G is given by the following inequality [26, 27]:

α(G) ≥
∑

i∈V (G)

1
1 + di

(13)

Using (13) for G̃, we obtain

α(G̃) ≥
∑

i∈V ∗

1
1 + |NG̃(i)| = f(G). (14)

Here we used (12) and the observation that

∀i ∈ V ∗ : |N(i) ∩ V ∗| = |NG̃(i)|

But α(G) ≥ α(G̃) ≥ f(G). Thus α(G) ≥ f(G) which establishes the result
in (6). 2
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We will say that a 0-1 solution x∗ of (6) corresponds to a set of vertices
W ⊆ V of G if W = {i : x∗i = 1}. Note that an optimal solution to the problem
does not necessarily correspond to a maximum independent set. Although there
does exist at least one that does correspond to a maximum independent set, it is
possible for alternate optima to exist. For instance, when G = Kn, the complete
n-vertex graph, then x∗i = 1, i = 1, . . . , n is optimal. This may be the case
even for graphs that are not complete. Consider the example in Figure 1. It can
be easily verified that α(G) = 3 and corresponds to {1,5,7}, {2,5,7}, {3,5,7},
{2,4,6}. But the objective function attains optimum for {1,2,3,5,7}, {1,2,5,7},
{2,3,5,7}, {1,3,5,7} also, even though these are not independent sets.

�

��

��

��

���

��

��

��

Figure 1: An example of a graph for which an optimal solution to (6) does not
necessarily correspond to an independent set.

From the above proof we know that α(G) = f(G) and α(G) ≥ α(G̃) ≥ f(G).
Hence we have,

α(G) = α(G̃) = f(G) =
∑

i∈V ∗

1
1 + |NG̃(i)| (15)

Since Wei’s lower bound (13) is sharp on G̃, it is a disjoint union of cliques [28].
Also, in the proof we have shown that any local maximum of (6) is a 0-1 vector.
Hence any global optimal solution to the optimization problem (6) corresponds
to a subset of vertices of the graph G which is a disjoint union of cliques. A
maximum independent set can then be extracted by choosing one vertex from
each of these cliques.

3.2 MAX CUT Problem

Similar to the maximum independent set problem, the MAX CUT problem can
be formulated in terms of optimization of a quadratic over the unit hypercube.
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Theorem 3.3 Given a graph G = (V, E) with vertex set V = {1, 2, . . . , n} and
a set of weighted edges E, the optimal objective function value of MAX CUT
problem is given by

max
x∈[0,1]n

xT W (e− x), (16)

where W = [wij ]ni,j=1 is the matrix of edge weights (with zero diagonal), and
e = [1, 1, . . . , 1]T is the unit vector.

Proof: Denote the objective of (16) by

f(x) = xT W (e− x).

First, since W has zero diagonal, f(x) is linear with respect to each variable,
and there always exist an optimal solution x̂ ∈ {0, 1}n of (16), i.e.,

max
x∈[0,1]n

xT W (e− x) = max
x∈{0,1}n

xT W (e− x).

Next, for any binary vector x̄ ∈ {0, 1}n, consider the partition of the set of
vertices into two nonoverlapping sets V1 = {i| x̄i = 0} and V2 = {i| x̄i = 1}.
Then

f(x̄) =
∑

(i,j)∈V1×V2

wij ,

which is the value of the cut defined by the partition V = V1

⋃
V2.

Alternatively, we consider any partition of vertex set into two nonoverlapping
sets,

V = V1

⋃
V2, V1

⋂
V2 = ∅,

and construct the vector x̄, such that

x̄i =
{

0, if i ∈ V1,
1, if i ∈ V2.

Then, again
f(x̄) =

∑

(i,j)∈V1×V2

wij .

Therefore, there is a one-to-one correspondence between binary vectors of length
n and cuts in G. So,

max
x∈[0,1]n

xT W (e− x) = max
x∈{0,1}n

xT W (e− x) = max
V =V1∪V2, V1∩V2=∅

∑

(i,j)∈V1×V2

wij

2
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4 Sample Test Functions and Numerical Exper-
iments

Given a graph, the objective functions in formulations from the previous section
can be used as test functions for constrained global optimization if α(G) or
optimal MAX CUT value or their estimates are known. For small graphs these
values are easily computable either by hand or using exact algorithms for the
considered optimization problems on graphs. As we will demonstrate later, even
for very small graphs some of these functions are nontrivial and can be used for
testing purposes. However, one may wish to further “complicate” the functions
available from the formulations without changing their optimal objective. Next,
we briefly discuss some simple ideas along these lines.

Assume that the global maximum of |f(x)|, x ∈ [0, 1]n is attained at x∗,
which is known and f(x∗) > 0. Let g(x) be another function, such that g(x∗) =
max

x∈[0,1]n
|g(x)| and g(x∗) > 0. If we denote by h(x) = f(x)g(x), p(x) = f(x) +

g(x) x ∈ [0, 1]n, then

h(x∗) = f(x∗)g(x∗) = max
x∈[0,1]n

h(x),

p(x∗) = f(x∗) + g(x∗) = max
x∈[0,1]n

p(x),

i.e., we obtained other functions with known global maximum. In particular,
we can use f(x) and g(x) from two different formulations for the independence
number of some graph G with known α(G). Other functions can be constructed
by introducing a change of the variables which would not modify the optimal
objective. Some specific techniques for introducing additional local minima to
a function by using “distorting” polynomials can be found in [10].

For sample numerical experiments with box-constrained problems we used
the Matlabr implementation of Multilevel Coordinate Search (MCS) [29]
which is available online from [5]. MCS uses function values only and com-
bines global and local search in an attempt to find a global minimum of a given
function over a box. Experimentally, MCS is known to have performed better
than other global optimization algorithms on many standard test problems and
was particularly effective with low-dimensional problems [29, 5]. The numeri-
cal results are given in the tables below. We used MCS with default settings
in all the experiments. We considered 30 maximum independent set problem
instances and 10 MAX-CUT instances. The number of vertices in the graphs
(i.e., the number of variables in the corresponding formulations) ranged from
5 to 64. We experimented with four different formulations of the maximum
independent set problem and one MAX-CUT formulation, thus providing the
total of 130 test functions.

Table 1 contains the results of executing MCS on the maximum independent
set problem instances using formulations (3)-(6). The columns in each row of
this table contain the graph name (“Graph”) followed by the number of ver-
tices (“|V |”), the number of edges (“|E|”), and the independence number of
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the graph (“α(G)”). The remaining four columns contain the objective value
of the solutions output by MCS for the four different functions corresponding
to formulations (3)-(6). The graphs we used as the maximum independent set
instances can be subdivided into several “families” (this fact reflects in their
names). The graphs whose names start with “g” were constructed by the au-
thors. The extension “.c” in the name of a graph graphname.c signifies that this
graph is the complement of graphname. The list of edges for each of these graphs
is given in the Appendix. Graph MANN a9, as well as generators for johnson,
hamming and san families can be downloaded from [30]. A description of the
generators can also be found in [31]. Moreover, johnson and hamming graphs
can be easily generated knowing their definitions. The vertices of johnsonN-W-D
correspond to binary vectors of length N and weight W, with two vertices ad-
jacent if the Hamming distance between the corresponding vectors is at least
D. Similarly, hammingN-D has all binary vectors of length N as its vertices and
the edges correspond to pairs of vertices with Hamming distance of at least D.
Even though the san graph generator is available online, its output depends
on random numbers, therefore, we provide the list of edges for this family of
graphs in the Appendix. Finally, the graphs 1dc64 and 1et64 are available
online from [32]. These graphs, as well as johnson and hamming families arise
in coding theory (see also [33]).

The results of applying MCS to MAX-CUT formulation (16) are given in
Table 2. Similar to Table 1, the first two columns in this table represent graph
name and its number of vertices, while the other two columns contain the opti-
mal objective value (“Opt”) and the terminal MCS objective value (“MCS”). All
graphs used in this table were generated by the authors and the corresponding
list of edge weights is provided in the Appendix.

As can be seen from the tables, the performance of MCS on the proposed
set of functions was rather encouraging. In summary, global optima were found
in 52 of the 130 cases and the objective was close to optimal in most cases that
were not solved to optimality. However, even some of the smaller problems (i.e.,
5 and 8-vertex graphs in Table 2) appeared to be challenging for MCS.

In addition to the proposed examples, there are numerous larger-scale test in-
stances for the maximum clique and maximum independent set problems which
could be used for constructing large-scale test functions for global optimization.
Graphs of various sizes available from [30, 32] arise in different important ap-
plication areas. For all these graphs either optimal or the best known solutions
are given. Test problems from the TSPLIB [34] are often used as test instances
for MAX CUT problem (see, e.g., [20]).

5 Conclusion

In this paper, we proposed a framework for constructing test functions for global
optimization which utilizes continuous formulations of combinatorial optimiza-
tion problems, namely the maximum independent set, maximum clique and
MAX CUT problems on graphs. Due to the computational intractability of these

10



problems, their continuous formulations provide challenging test functions for
constrained global optimization algorithms. On the other hand, development of
efficient approaches for solving these types of global optimization problems may
lead to new algorithms for the mentioned combinatorial optimization problems.

Even though we restricted our attention to only three graph problems and
only linearly-constrained formulations, there are many other opportunities for
use of combinatorial optimization problems to construct test functions for global
optimization. Since many of combinatorial optimization problems can be ex-
pressed in terms of integer programs, the constraint x ∈ {0, 1}n can be replaced
with the equivalent quadratic constraints xi(1− xi) = 0, i = 1, . . . , n [35], thus
yielding a continuous constrained global optimization formulation. For example,
Shor [36] used a similar idea to obtain a quadratically constrained global opti-
mization formulation of the maximum weight independent set problem. Other
interesting problems which could be used for testing purposes include graph
coloring [37], quadratic assignment and maximum matching problems (see [38]
for a convex quadratic approach to the maximum matching problem).
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Appendix: Graph Instances

This appendix contains the graph data used in our numerical experiments re-
ported in Section 4. All these data are available in electronic format from the
authors.

Maximum Independent Set Problem Instances

Below, Egraphname represents the set of edges of graph graphname from Table 1.
Eg7−2={(1, 2), (1, 5), (1, 6), (1, 7), (2, 3), (2, 4), (2, 5), (2, 6), (2, 7), (3,

4), (3, 5), (3, 6), (3, 7), (4, 5), (4, 6), (4, 7)}.
Eg10−1={(1, 7), (1, 8), (1, 10), (2, 4), (2, 6), (3, 5), (3, 7), (4, 9), (4, 10),

(5, 7), (5, 10), (6, 8), (6, 10)}.
Eg10−2={(1, 4), (1, 5), (1, 8), (1, 10), (2, 3), (2, 5), (2, 6), (2, 7), (3, 6), (3,

8), (3, 9), (3, 10), (4, 5), (4, 7), (4, 9), (4, 10), (5, 6), (5, 7), (5, 8), (5, 10), (6,
9), (7, 8)}.

Eg15−1={(1, 5), (1, 10), (1, 11), (1, 13), (1, 15), (2, 3), (2, 4), (2, 6), (2, 7),
(2, 12), (2, 13), (2, 14), (2, 15), (3, 4), (3, 5), (3, 10), (3, 11), (3, 12), (3, 13),
(3, 14), (4, 8), (4, 9), (4, 14), (4, 15), (5, 7), (5, 8), (5, 9), (5, 13), (6, 7), (6,
11), (6, 12), (6, 13), (7, 10), (7, 12), (7, 13), (7, 14), (8, 10), (8, 11), (8, 12), (8,
15), (9, 12), (9, 14), (10, 12), (10, 15), (11, 14)}.

Eg15−2={(1, 6), (1, 14), (1, 15), (2, 10), (2, 12), (3, 5), (3, 10), (3, 12), (4,
5), (6, 13), (7, 9), (7, 13), (8, 13), (9, 11), (9, 12), (9, 13), (10, 11), (10, 15),
(13, 15)}.

Esan15−1={(1, 3), (1, 4), (1, 8), (1, 11), (1, 13), (2, 5), (2, 6), (2, 10), (3, 6),
(3, 7), (3, 9), (3, 10), (3, 14), (4, 6), (4, 9), (4, 10), (4, 12), (5, 7), (5, 12), (6,
13), (6, 14), (6, 15), (7, 14), (7, 15), (8, 11), (8, 12), (8, 13), (9, 15), (10, 13),
(10, 15), (11, 13), (11, 14), (11, 15), (12, 14), (12, 15)}.

Esan15−2.c={(1,3), (1,6), (2, 5), (2, 7), (2, 15), (3, 4), (4, 8), (4, 12), (5, 8),
(5, 10), (6, 7), (6, 9), (6, 13), (6, 15), (7, 8), (8, 9), (9, 14), (10, 15), (11, 13),
(12, 13)}.
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Esan30−1.c=(1, 2), (1, 23), (2, 3), (3, 12), (3, 16), (3, 24), (4, 5), (4, 7), (4,
8), (4, 18), (4, 28), (5, 6), (5, 11), (5, 22), (5, 24), (6, 7), (6, 20), (7, 11), (7,
26), (8, 30), (9, 11), (9, 19), (10, 12), (10, 14), (10, 23), (11, 17), (12, 15), (12,
17), (12, 27), (13, 17), (13, 18), (15, 16), (16, 18), (17, 26), (18, 19), (18, 26),
(19, 27), (20, 23), (21, 25), (22, 27), (23, 28), (24, 29), (26, 29)}.

Esan40−1.c={(1, 4), (1, 8), (1, 9), (1, 13), (1, 35), (2, 12), (2, 30), (2, 38), (3,
15), (4, 14), (4, 31), (4, 33), (4, 34), (5, 33), (5, 34), (6, 10), (6, 21), (7, 19), (7,
26), (7, 36), (8, 26), (8, 28), (8, 31), (8, 33), (9, 23), (10, 19), (10, 31), (10, 33),
(10, 36), (10, 40), (11, 17), (11, 39), (12, 16), (12, 17), (12, 19), (12, 31), (12,
33), (13, 15), (13, 17), (13, 20), (13, 27), (13, 34), (13, 36), (13, 40), (15, 21),
(16, 22), (16, 25), (16, 32), (16, 38), (17, 30), (18, 27), (18, 34), (18, 40), (19,
22), (19, 30), (19, 35), (20, 25), (20, 32), (22, 34), (22, 37), (24, 27), (24, 31),
(24, 36), (25, 26), (25, 31), (25, 36), (25, 37), (25, 39), (26, 30), (27, 38), (29,
34), (29, 36), (30, 33), (30, 37), (30, 39), (31, 35), (32, 33), (38, 40)}.

Esan40−2.c={(1, 3), (1, 10), (1, 17), (2, 4), (2, 5), (2, 8), (3, 18), (3, 22), (4,
15), (4, 16), (4, 19), (5, 14), (5, 29), (5, 31), (6, 19), (6, 31), (6, 34), (6, 39), (7,
32), (8, 17), (8, 29), (9, 12), (9, 13), (9, 23), (9, 30), (10, 23), (10, 38), (11, 15),
(11, 19), (11, 21), (11, 36), (12, 16), (12, 17), (12, 33), (12, 34), (13, 15), (13,
21), (13, 36), (14, 24), (14, 27), (14, 38), (15, 38), (16, 18), (16, 26), (17, 23),
(18, 36), (18, 39), (19, 25), (19, 40), (20, 21), (20, 32), (20, 35), (21, 23), (21,
25), (21, 26), (21, 28), (22, 36), (23, 29), (23, 32), (23, 37), (24, 33), (25, 34),
(27, 36), (27, 39), (28, 32), (28, 33), (30, 31), (30, 34), (30, 36), (31, 38), (32,
38), (35, 40), (37, 40)}.

Esan50−1.c={(1, 18), (1, 45), (2, 8), (2, 19), (2, 34), (2, 38), (2, 40), (3, 12),
(3, 17), (3, 28), (3, 41), (3, 45), (4, 9), (4, 19), (4, 24), (4, 44), (4, 48), (5, 21),
(5, 32), (5, 37), (5, 38), (5, 50), (6, 13), (6, 21), (6, 41), (6, 42), (7, 13), (7, 33),
(7, 35), (7, 36), (8, 34), (9, 14), (9, 15), (9, 31), (9, 47), (9, 48), (10, 17), (10,
29), (10, 30), (10, 44), (10, 48), (11, 20), (11, 27), (11, 35), (12, 28), (12, 32),
(13, 15), (13, 19), (13, 24), (13, 27), (13, 32), (13, 35), (13, 36), (13, 38), (13,
49), (13, 50), (14, 38), (14, 42), (15, 27), (15, 30), (15, 35), (15, 40), (15, 43),
(15, 49), (16, 18), (16, 22), (16, 26), (16, 46), (17, 32), (17, 45), (18, 19), (18,
27), (18, 35), (18, 39), (18, 44), (18, 45), (19, 31), (19, 40), (19, 47), (20, 25),
(20, 29), (20, 30), (21, 37), (21, 50), (22, 35), (22, 36), (22, 46), (23, 27), (23,
31), (23, 35), (23, 43), (24, 30), (24, 31), (25, 27), (25, 29), (25, 31), (25, 50),
(26, 27), (26, 32), (26, 39), (27, 40), (27, 41), (28, 30), (28, 40), (28, 44), (29,
40), (30, 37), (30, 39), (30, 41), (30, 43), (30, 45), (31, 40), (31, 47), (32, 40),
(32, 44), (33, 35), (33, 36), (35, 42), (38, 42), (39, 41), (40, 43), (40, 45), (42,
45), (46, 48), (48, 50) }.

Esan50−2.c={(1, 32), (1, 40), (2, 47), (3, 6), (3, 39), (4, 33), (4, 45), (5, 17),
(5, 29), (6, 9), (6, 20), (6, 29), (7, 8), (7, 38), (7, 49), (8, 14), (8, 26), (8, 39),
(8, 44), (9, 19), (9, 29), (10, 21), (10, 48), (11, 20), (11, 40), (11, 42), (12, 19),
(12, 41), (13, 15), (14, 37), (14, 45), (16, 34), (16, 37), (18, 23), (18, 35), (19,
41), (20, 44), (21, 24), (21, 43), (22, 28), (22, 30), (23, 37), (23, 42), (24, 49),
(25, 30), (25, 43), (26, 40), (26, 41), (26, 46), (27, 46), (30, 46), (30, 49), (31,
42), (32, 44), (34, 35), (35, 40), (35, 45), (36, 43), (38, 50), (41, 43), (42, 47),
(43, 48), (45, 47), (47, 49), (49, 50)}.
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MAX-CUT Instances

This subsection contains the list of edge weights for each graph in Table 2,
where Wgraphname represents the set of edge weights of graph graphname. All
of the graphs are assumed to be complete. Each set of weights contains sub-
sets separated by semicolons. The ith such subset contains the weights of edges
(i, i+1), (i, i+2), . . . , (i, n) separated by spaces (here we assume that the graph
has n vertices). In other words, Wgraphname can be viewed as a list of entries
of the upper triangular part of graphname’s edge weight matrix, read line by line.

WG5−1 ={23 16 18 17; 25 26 23; 14 24; 10}.
WG5−2 ={6 6 8 10; 5 5 6; 4 6; 6}.
WG8−1 ={85 141 186 108 107 127 47; 107 105 64 146 132 111; 142 163 92 80

106; 145 89 67 98; 83 94 102; 126 131; 116}.
WG8−2 ={96 116 123 38 81 110 160; 45 46 104 137 60 100; 73 133 48 74 51;

64 109 111 103; 152 103 95; 132 43; 102}.
WG10−1 ={69 58 85 64 53 42 56 63 33; 74 21 84 63 59 32 18 41; 39 48 22 42

88 41 73; 43 57 23 85 86 46; 37 28 40 69 67; 34 65 56 65; 71 58 72; 44 56; 69}.
WG10−2 = {61 45 77 56 70 2 30 43 33; 66 80 46 74 21 71 24 66; 78 68 18 36

36 59 40; 46 41 28 42 20 41; 50 42 32 39 27; 64 81 84 79; 64 57 44; 58 69; 13}.
WG20−1 = {1 2 3 3 2 4 4 2 3 1 0 2 3 5 2 2 3 3 1; 3 1 2 2 3 2 1 3 4 5 2 1 3 2 4

4 3 1; 0 3 5 3 1 1 2 3 3 2 3 2 2 2 3 2 3; 2 1 3 4 3 3 3 1 2 2 4 1 3 4 3 4; 5 3 1 0 4
2 4 4 1 4 3 0 2 0 2; 3 1 2 3 2 1 2 2 3 3 2 2 3 2; 1 2 2 0 3 0 3 3 3 2 2 4 3; 1 4 1 3
4 1 4 3 4 3 5 2; 1 0 3 3 2 3 2 2 4 3 1; 1 2 4 4 3 3 1 1 2 4; 2 4 2 0 3 0 1 3 1; 0 4 3
2 2 3 3 3; 1 0 4 3 1 3 4; 2 3 1 3 2 2; 2 1 4 5 1; 2 1 0 1; 0 4 5; 1 1; 1}.

WG15−1 = {7 6 7 10 10 6 10 4 10 2 5 4 5 3; 4 1 7 6 5 9 4 12 5 7 3 1 6; 3 2 2 6
8 6 10 3 4 7 7 3; 5 6 5 3 8 4 8 4 12 11 13; 13 8 10 5 5 6 8 9 5 3; 5 3 6 6 12 6 7 3
8; 12 3 5 6 7 3 3 4; 4 7 7 4 9 6 10; 8 1 5 4 3 9; 9 9 4 5 10; 9 8 6 6; 8 5 6; 13 1; 2}.

WG15−2 = { 3 8 14 14 13 9 13 8 2 10 12 9 12 11; 10 5 16 8 12 7 7 11 10 10
15 16 3; 7 8 17 5 7 8 7 6 15 13 11 11; 11 11 8 15 7 11 10 12 14 4 8; 8 17 13 7 14
7 7 8 11 13; 5 11 7 3 3 10 12 8 5; 9 13 8 8 6 5 16 7; 16 6 7 13 12 9 2; 9 4 15 9
10 6; 1 10 13 17 13; 9 14 8 5; 17 15 12; 4 11; 2}.

WG20−2 = {4 1 1 0 1 3 3 3 4 5 3 4 1 3 2 1 2 4 1; 3 3 3 3 3 2 2 2 3 1 2 1 4 2 2
3 0 3; 4 1 2 2 5 2 3 2 3 2 3 4 5 1 3 4 4; 3 3 0 2 1 2 3 3 0 4 4 2 5 1 3 4; 3 0 2 3 2
3 2 4 2 3 2 3 4 3 2; 2 3 3 3 3 4 5 2 2 5 2 2 1 2; 3 3 2 3 2 2 2 5 3 1 1 1 4; 0 4 1 4
4 2 1 1 3 1 2 2; 1 4 3 2 4 3 1 3 1 2 4; 1 2 1 2 2 1 0 5 3 2; 4 3 5 2 1 3 2 1 2; 2 2 3
3 4 1 1 3; 2 3 3 2 4 4 1; 3 2 3 2 2 0; 2 5 1 3 3; 1 3 3 4; 2 1 4; 3 4; 4}.
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Table 1: Results of sample experiments carried out using Matlabr implemen-
tation of MCS: Maximum independent set problem.

Formulation
Graph |V | |E| α(G) (3) (4) (5) (6)
g7-1 7 16 3 2.0000 3.0000 3.0000 2.0000
g7-2 7 13 3 3.0000 3.0000 2.0000 3.0000
g10-1 10 13 5 5.0000 5.0000 5.0000 5.0000
g10-1.c 10 32 3 2.0000 2.0000 3.0000 2.0000
g10-2 10 22 4 4.0000 4.0000 3.0000 4.0000
g10-2.c 10 23 4 3.0000 4.0000 4.0000 4.0000
g15-1 15 45 5 4.0000 4.0000 4.0000 4.0000
g15-1.c 15 60 4 4.0000 4.0000 4.0000 4.0000
g15-2 15 19 9 8.0000 9.0000 8.0000 9.0000
g15-2.c 15 86 3 2.0000 2.0000 2.0000 2.0000
johnson6-2-4.c 15 60 3 3.0000 3.0000 3.0000 2.3333
johnson6-3-5.c 20 180 2 1.2000 2.0000 2.0000 1.0769
johnson7-5-3.c 21 105 3 2.3333 3.0000 3.0000 2.3333
johnson8-2-4.c 28 168 4 2.4000 4.0000 4.0000 2.6667
johnson7-3-5.c 35 525 2 1.5000 2.0000 2.0000 1.3214
MANN a9 45 918 3 3.0000 3.0000 3.0000 1.2778
MANN a9.c 45 72 16 12.0000 16.0000 16.0000 16.0000
hamming6-2.c 64 102 32 32.0000 32.0000 32.0000 32.0000
hamming6-4.c 64 1312 4 2.0000 4.0000 4.0000 2.0220
1dc64 64 543 10 9.0000 9.0000 8.0000 10.0000
1et64 64 264 18 18.0000 18.0000 18.0000 15.6667
san15-1.c 15 70 4 2.0000 4.0000 4.0000 3.0000
san15-2.c 15 20 8 7.0000 7.0000 7.0000 8.0000
san20-1.c 20 60 8 7.0000 6.0000 6.0000 7.0000
san20-2.c 20 70 7 6.0000 6.0000 6.0000 6.0000
san30-1.c 30 43 15 13.0000 13.0000 13.0000 13.0000
san40-1.c 40 78 20 16.0000 16.0000 18.0000 17.0000
san40-2.c 40 73 21 17.2811 17.0000 18.0000 17.0000
san50-1.c 50 125 20 18.0000 18.0000 19.0000 19.0000
san50-2.c 50 65 24 22.0000 22.0000 21.0000 23.0000
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Table 2: Results of sample experiments carried out using Matlabr implemen-
tation of MCS: MAX-CUT problem.

Graph |V | Opt MCS
G5-1 5 126 125
G5-2 5 40 39
G8-1 8 1987 1802
G8-2 8 1688 1671
G10-1 10 1585 1513
G10-2 10 1373 1377
G15-1 15 399 389
G15-2 15 594 593
G20-1 20 273 267
G20-2 20 285 282
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